DIFFERENTIAL EQUATION

Important definition and Results :—

*

*

Dlfferential Equation :— An equation containing independent variable, a dependent variable
and derivative of dependent variable with respect to independent variable is called the
defferential equation

Order of defferential Equation :— The order of defferential equation is the order of the
highest order derivative occuring in the equation.

Degree of the differential equations :- The degree of the differential equation is degree of
the highest order derivative when differential co-efficient are made free from radicals and
fraction.

General Solution :- The solution which contains as many as arbitary constant as the order
as differential equation is called the general solution.

Particular Solution :- The solution obtained by giving particular values to the arbitary
constant in general solution of differential equation is called particular solution.

. . . . d .
A differential equation of first order and first degree involves X, y and d—i . So it can be put
) dy _ dy _
in any one of the formula = f(xy) or f(x.y) =0.

Homogeneous equation :- An equation in Xand Y is said to be homogeneous if it can be put
dy_ fi(xy)

in the form of 5, = T, (%) where f,(x y) andf, (x,y) are both homogeneous function of same

degreeinx andy.
* linear differential equation :— A deferential equation is linear if dependent veriable (y) and

. .. . . d
its derivative appear only in first degree and general form is 4+ py=Q where p and Q are

dx

function of x (or const.)

(SECTION-A) PRACTICE-EXERCISE

Find the order and degree of the following defferential equation

o _xd ndyf
() y= 22 2

(1) y" +y* +ey’' =0

4
dx*

(iii) &Y +sin(y) =0

(iv) y* +(y') +2y =0

(V) »

d’y, Odydh  dy _
dx2+XB&B de—O
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10.

11.

12.

13.

14.

15.

16.

17.

18.

SECTION — B

Form the differential equation of the family of circle having centre on y-axis and radius
3 units.

Form the differential equation of the family of circle touching the y-axis at origin.
Form the differential equation of the family of hyper bola having foci on - x-axis.

o CdyO_
Solve : Sin ErmEty
Solve : etany dx+(1 —eX)Seczy dy =0
Solve : Sec?xtan ydx +Sec?ytan xdy =0

Solve : (x3 + X2 +x+1)% =2x* +x;y =1 when x=0
X

For differential equation xy% = (x+2)(y +2) find the solution curve passing through the

point (1,-1)
d
Solve : d—i—y =Cos X

d .
Solve: d_)>:+y Cot X =2X+X’ cot X, given that y =0 when x:%

d
Solve : Xd—§+2y =X

. dy,. -2
Solve : XlOngX+ y= Xlogx

Solve : X%+y—x +Xy cotx =0

Solve : %—Wcotx =3n2x;y =2 when X :%
dy _ 5
Solve : &+ ytan X =2X +X° tan X

Solve: Sn™! %Ez X+y
dy _ 2
Solve : v (4x+y+1)

X

Solve : (x-y)(dx+dy) =dx —dy ; y(0) =1

85



SECTION - C
Solve the following differential equation
1. Solve: x’dy+y(x+y)dx =0 giventhat y=1 when x=1
2. Solve: Xzydx—(x3 + y3)dy =0

3. Solve: xdy—ydx=/x*+y*dx

dy 0yd _
4. Solve: X Sn +x ySrE (1) =1
dy OyO
5. lve: X=2=y-
Solve de y—X tanB;H
6. Show that xy=ae*+be™* +x2 is a solution of differential equation
29 28 e
dx ¥ dx XX -2 =0

7. 2X2%—2xy+y2 =0 y(e) =e

ANSWER (Section-A)

Oeder : 1, degree : 2
Order : 3, degree : not defined
Order : 4, degree : not defined
Order : 3, degree : 1
Order : 2, degree : 1

Nk =

ANSWER (Section-B :)
Lo (e-9)(y') +x =0
2. 2xyy+x =y
3. xy +x( ) ~yy =0
4. y=xan'x+/1-X +c

tany =c(1-€)

6. tanXtany=cC

7. y——loggx+1 X+1
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:DS'nx—CosxD

9-Y gt ce”

2
> T

10- y=x " 4Snx

(Snx#0)

11- y:§+cx-2

12- ylogx=_—X2(1+10gX)+C

c
XS nx

13- y=lX—Cotx+
14- y=49n’x-29n’x

15- ySeox=x2Secx+c
16- x=tan(x+y)-Sec(x +y) +c

17- %tan" ﬁ%yﬂﬁ= X+C

18- x-y=e™
Answer (Section—C)
_ 22X
LoY=35e5

2 —X+log|y| =C
. 3y3

.y o
4. 10g|x| =Cos @%E

. OyO_
5. XSHH;H—C
_  2x
7 y_1+log|x|
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VECTOR ALGEBRA

I mportant definition and facts:—

1.

2.
3.

The unit vector in direction of vector 7 is given by 4= a

4

Two vectors 3 and p are colinear if and only ifa=1ib, / being a scaler
Scaler or Dot product of two vectors :-

The scaler or dot product of two vectors g and p denoted by 7 . p is given by.
a.b=lallp|Cos@.

where ( is the angle between 3 and p, 0<0<7T

Property of of scaler product :-

Property-1 :- The scaler product of two vectors is commutatives
i.e3da.p=b.a

Property-2 :- The scaler product of vector is distributice over addition i.e.
Q) 5[@6+5) =ab+ald (ii) (B+é)@:5ﬁ+6 @

Property-3 :- Let 3 and p be two non zero vectors then glh=0 -~ a0Ob
Property-4 :- Let 3 and p be any two vectors and A be any scaler then

(4@)B=A(a) =aiab)

Angle between two vectors :- Let Q be the angle between two vectors 3 and p then.

5[E=|§||B|C050
- 0- = O
0 Coss 2P g cos'03®D
2B HallplE

Projection of zon the vector p is given by.
ab or E%E or |%|(55)

If @ =0 then projection vector of AB will be AB and if @ = 77 then projection vector of

AB will be BA
Vector ( or cross product) of two vectors :—

The vector or cross product of two non parallel (non-collinear) vector 3 and p denoted

by axp is defineal as gxp = H |5| Snon.0<6 < and 7 is two unit vector perpendicular to

both 3 and p
Properly of vector product :—

(i) axb #bxda, However a xb = —(Bxa)
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(i) @X(b+c)=axb+axc
(iii) If @ and p are parallel (or collinear) then axb=0

(iv) maxb= m(ﬁ XB) =axmb where m is scalar.

. For mutually perpendicular unit vector {, j, k. we have,

10
i =]x]=kxk =0
i xj =k, jxk=ikxi =j
jxi =4k kxj=+4,f % =
_[axB

[l

Angle between two vectors 3 and p may be given as Sno

[

11.
. Area of triangle whase sides are along 3 and p is given by %|5><B|

12
. If 3 and prepresent the adjucent sides of parallelogram. Then its area is given by |5><5|

13
|§><E

q

. Let @a=ai +a,] +ak, b=hi +b,j +bk then @xph=

ol

14. Unit vector 1] =%

-

=2
F L x

15 8
b

[lustrative Examples:
If a=i+2]+3k,b=- +2] +k and c=3 +] find ) suchthat 3+ A is perpendicular to ¢

1.

Solution :
Wehave a=i+2]+3k,b=- +2] +k,c=37+]

5+/\6=(f+2j +3R) +A(—f +2] +R)
=(1-A) +(2+22)+(3 +A K
~(@+Ab) 0@ & ABJT 0
O(1-A)3+(2+2A)D+(33+A) =0 OA= 5
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2. Final the value of constant A such that scalar product of the vector | + | +k with the unit
vector parallel to the sum of vector 2f +4j —5K and 1 +2f +3K is equal to one. Solve :

b+C=(2+A)i +6] -2k

O oec/=y(2+A) +(6) +(2)" =/A2+#1 +42

[] unit vector parallel to sum of the vector § and C= |EL5|
+C
. [b+c
[] As per question aj (A q) =1
[o-¢]

o . o~y H2+A) +6] 2K

(I+J+k)§ ) I(@:1
NA2+4A +44

2+ +6-2 =JA2+4A +44

(A +6)2 =A2+4) +44

[lsa=80 & 1

3. If axp=cxd and gxc=pxd show (5—5) 1s parallel to (B—E) solve :

(a-a)x(B—e) =axb-axC-dxp+d xC

e e T

- > 5 > > >

=bxc+bxaxb +c xa +0
ﬁBxA—C is purpendicular to ABand E

- - -

[ ABXAC i.e bxc+cxaxb is perpendicular to plane ABC
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5. Find the area of parallellogram whose diagonals are 41 — | — 3k and —2i + ] -2k
Solution :

]k
Area:‘aXb =4 -1 3
2 1 =2

={(2+3)](-8 —6) +k(4 -2)

=51 +14] +2K

. laa ab

6. Show that (axb)? =| . _
ab b. b

Solution : (axs ’ =|a><6|2

)

) ={aelsrg”
)

)

—
o)l
X
(=]}

' (1-cos)

- | -(ace)(as)
aG alb
a6 BB

PRACTICE EXERCISE
(Section-A)

A2 = a2 = A\
1. If 3 is any vector then find the value of (axl) +(a><j) +(a><k)

2. If faxB=4/ad :z,ﬁnd|5|2 |q2

W

Find the value of f[@jxﬁ)+ j [@fxﬁ) +k f@ [ﬁ)

o

If pxc=¢xa z0 then prove that 3+p=kc
5. If |5+5| =|5 —5| show that 3 and p are perpendicular.
6. Find the unit vector in the direction of 3 =2i +3] +K

7. If X(f +]+ I2) 1s a unit vector find the value of X
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10.
11.

12.

10.
11.

12.

Find the unit vector perpendicular to both { + j and j+k

Prove (E—B)X (5 +B) =2 (5 xB)

Find the area of triagle whase verticals are A(3,-1,2), B(1,-1,-3) and C(4,-3,1)
If |5| =26, |5| =7 and |5><5| =35 find |5 . B| )

If a=i+2j -3k, b=3 -] +2k show that a+b is perpendicular to a-b.

SECTION - B
If & and bare unit vector inclined at angle q. Then prove that Sin% = %|§— 5|

Find a unit vector perpendicular to each of the vector a+b and a—bwhere a =31 +2j +2k
andb=i+2] -2k .

If a+b+Cc =0

Show that axb=bx¢ =¢ xa

It @ is any vector in space. Show that a=@.1) 1 +@.J)] +@.k) k.

If @, b, Care unit vector such that a+b+¢ =0then final the value of

Two adjacent side of parrallelogram are 2 4] +5k and | =2 =3k . Find the unit vector
parallelogram to its diagonal. Also, find its area.

Ifa,b and Care mutually perpendicular unit vector then final |5 +b +6| :

Show that the vectors 2 — j +k, { —3] +5k and 3 —4 ] 4k forms the verticular of a right
angled triangle. Also find trhe area.

Ifa.b=a. c, axb =axc, a# 0then show that b=c.

If axb=axc, a#0 and b#C show that fh=¢ +tg for some scalart.

Prove that the points A, Band C with position vector a , band ¢ respectively are collinear
ifand only if axb+bxc +c xa =0.

Find a unit vector perpendicular to the plane ABC where A, B, C are the points (3, -1, 2)
(1,-1,-3) and (4, -3, 1) respectively.

SECTION -C

If @, b, C are the position vector of the vertices A, B, C of a triangle ABC. Show that the

area of triangle ABC is % axb+bxc +C xa|. Deduce the condition for points @, b. € to

be collinear.

92



2. Forany vector a prove that |5Xf|2 +|51>< j|2 +‘é xK| =2|5|2.
3. If a, b, c, are the length of sides BC, CA and AB of a triangle ABC. Prove that

S a _ b _ ¢

BC + CA+ AB =0 and deduce that SnA_SnB_SnC-
4. If g=3-j, B =2 +] 3k, then express B in the term of B = B, + B, where B, is parallel

to @ and B, is perpendicularto a .
5. Leta=i+4j+2k, b=31 2] +7k and ¢ =21 - | +4K find a vector d which is

perpendicular to both @ and b and ¢ . d=15

. - o [prerexarad
6. Show that distance of the point C from the line joining a and b is |5 q|
-a

7. Show that the angle between two diagonal of a cube is Cos™! (%) :
8. Ifa,Db, ¢ arethree mutually perpendicular vectors of equal magnitude, prove that a+b+c

is equally inclined with vectors & b, and ¢.

ANSWER (SECTION-A)
=2 21 +33 +Kk 1
1. 2a ; 2. 20 3. 1; 6- ——=—— 7. 7=
J14 V3
+J +k 1
. 10. =165 11.
8 NG 0 5 +7
Section - B

20 5 ¢ -3 PP

2. J_rg(l -J-k) 4. 6. 7(3| —-6J +2Kk), 1145 7. 03
1 A A A

——(—10l =7J +4k

12. \/@( )
Section -C
B=31-13 and B =11 -35 -3¢

4, B‘_EI 2J and B, 2| 2J 3k

5. %(160?—5}+70I€)
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THREE DIMENSIONAL GEOMETRY

* |mportant Definition and Result :—

1.
2.

10.

11.

12.

13.
14.

If |,m,n are the direction cosine of a vector, then 1>+m?+n’=1.
If a,b,c are the direction ratio of a vector, then its direction cosine are given by

a b C
b b
Jal +b? +¢? Jal +b? +¢* Wad +b? +¢?

If g is the angle between two vector whase direction cosines are (I, m,, n ) and (1,, m,,n))

then Cosf =1, +mm, +nn,
Two vector having direction cosine (I,, m, n) and (I, m, n) are orthogonal iff
W, +mm, +nn, =0.
Parallel vector have equal direction ratio
The vector equation of a st. line through fixed point with position vector 3 and parallel
to p 1S r =a+Ab Where A is a scalar.
The cartesian equation of a line with direction ratio a,b,c, and passing through (x,y, z,) is
X=X _Y~¥ _27%4
a b c
The coordinates of any point on the line
X=X _ Y=Y
a b
Vector equation of line passing through two points with position vector 3

:Z::Zl =A are (x +ah,y, +bA,z +cA)

andp 1 =a+A(b-a)
The cartesian equation of line through two points (x,y,,z,) and (x,,y,,Z,) is given by

X=X _ Y-y, _2-%
=% Y,°Y 2%

2

Angle between lines 1 =g, +Ab, and r =g, +Ab, 1S given by Cosd =

oy

b
X=X — Y=Y _ Z—7 and X=X — Y-, _ -7 Then
by ¢ a, b, ’
Cogg =@ thb +cc,
Ja’+h’ +c’\a’ +b’ +c’
The condition for orthogonality is b, =0 or aa, +hb, +cc, =0
If d is the shortest distance between two lines

(6<B:) far e
- B

Iflines are

F=@ +AB and T =3, + b, then d =
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15.

16.

17.
18.

19.
20.

21.

22.

23.
24.

25.

26.

27.

28.

If two lines are intersection then (HXE) [@gxa)ﬂ) and in cartesion form is

X=X Y.=Y 4 -7
a b g |=0
a b, G

Hx(éz —5.1)

Distance between two parallel lines r =a +Ab; and r =a, +Ab, is given by ‘5]‘

General equation of plane in vector formis r [ =d

General equation of plane in cartesion form is ax+by +cz+d =0 whase a,b,c are the
D.R’s of normal to the plane.

Equation of plane passing through a point with position vector 3 is (F—g) G =0

Equation of plane passing through a point (x,,y ,z,) is a (x—x,)tb(y-y )*+c(z—z,)=0

[ArA

Al

If ¢ 1s the angle between two planes rf, =d, and rf, =d, then Cosf =

In Cartesian form Cosg = aa +hb, +cc
Va7 +h7+c7 a7 +b +c]
Two planes one purpendicular then n /[, =0

Two Planes are parallel then n'xn, =0

If g is the angle between line 7 =3+ mand plane =4 then Sind = W
m([n

ﬁm‘

am-d
n

ax +by, +cz +d
\/a2+b2 +2

Distance of a plane T =g from a point with position vector g7 is

Distance of a plane ax+by+cz+d = 0 from a point (x,, y,, z,) is

Two lines X%XI =Y N o272 g XX YN o Z;ZZ are coplanar iff

b C a, b,

X=X Yo% 4 -7
a b C, | =0 and equation of plane containing them is given by

a, b, C,
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X=X Y-y Z-g
a b G |=0
a, b, )

[lustrative Example :

1. Find the direction cosine of the line XT_Z = 23’_;5 7=-1. Also find the vector equation of
line.
Solusion :

Given line can be written as

X=-2 2y-35 z+l
2 -3 0
x=2_Y~% _z+l

2 —% 0

[] D.R.are2, —%, 0

O

O

.

2 0
Direction cosines are \/22 +(=34) +0° ’ \/22 H(-35) +0° ’ \/22 {34 0’

4
or, .

=220
5
given line passing through the point having position vector a= oA +§ j—K andis parallel

to b=2 - i—OR

N | W

[]vector eq"is r = @ +§ f—IZ) +A2 —% ] —012)

2. Find the coordinate up foot of perpendicular drawn from the point A (1,2,1) to the
line joining B (1,4,6) and C (5,4,4)

Solution : A2,
Direction ratio of BC are 5-1, 4-4,4-6or, 2,0, -1

ion of li “1_y-4_z-
[] equation of line BC are X2 = yO - 2_16

LetD (a, B, ¥ ) be the foot of perpendicular from A on BC
[] Direction ratio of AD are a -1, B -2, y -1
[JADOBOI 2(a #) 0B H-( Hey H O

—v=0 1
O2a-y=0 - (1) 5 5 "
D (a, 3, ) lie on the line BC then (1, 4,6) Ca,B,Y) (5,4, 4)
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-1_B-4_y
2 0 -1
ca=2A+1, B=4,y=-A+6
from(1) 0224 b« A 68 1
A=1
Ha=3,B8=4y=5
Hence, foot of perpendicular =(a,3,y) =(3,4,5)

© =) (say)

3. Find the angle between line r = (f +2i —Iz) + /\(f —i +I2) and the plane
r=2i-j-k) =4

Solution :
Here, b =1 — I +k andﬁZZf—j+|2

(-j+@Ri -j+) _ 4 _2V2
JP+2+2 22 202 W2 3

I2/2 O

6 =sin~ 1@—%

4. Find the equation of plane containing the lines at intersection of the planes x+y+z=6 and
2x+3y+4z+5=0 and passing through the point (1,1,1)

Solution :
Equation of plane through the intersection of two gicent planes is

(x+y+2z-6)+A(2x +3y +4z +5) =0 it passes trhough (1,1,1)
O-3+14A =00 Xk %4
[] required equation of plane is —

(x+y+z—6) + % 4 (2x+3y+4z+5) =0
of, 20x+23y+26z-69 =0

[1Sng=

5. Show that the lines —
r=2]-3K) +A( +2] +3k)and

= (21 =6 ] +3K) +u(2f +3] +4k) are coplanar. Final the equation plane

containing them.
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- - — D - oy a ~
ég—a,bl sz:O U X-2y+2z+7 =0 and in vector form r [{I +2 ] +K) +7 =0

6. Find the image of the point having possition vector | +3 I +4K inthe plane

12+ ] +K)+3 =0
Solution :

Let Q be the image of the point p( +3 ] +4Kk)in the plane r [@0 -] +K) +3 =0
Therefore equation of line PQ is 1 = (I +3] +4|2) +AQ21 -] +|2)

[1 Q lie on the line PQ, so let the P.V. of Q be (1+2A )f +(3-A )I +(4 +A )I2

-.» R is the mid point of PQ therefore P.V. of R is

H1+20) +3-))] +(4 +A)|2545f 3] 44% P ({ +3] +4K)
2

o) i
Q Lie on the plane FII]Zf -3 +|2) +3 =0
{(/\+2)f+( }y J+4+}y }[%2I—j+ ﬁ+3 =0

Dzﬂeg%e&%;o
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Thus P.V. of Qis (I +3 ] +4K) —2(2 -] +K)

3 3 5§ 2k
7. Find the length of food of perpendicular from the point (7, 14, 5) to the plane 2x+4y—z=z

Solution :
D.r. of normal to plane 2x+4y—z=z are 2, 4, -1 P (7,14,5)
Let Q (00, 3,A) be the foot of perpendicular from (7, 14, 5)
[1D.y.S. of PQare 0o—7,B-14,y -5
-+ PO and normal to plane are parallel
027:B414:r_15 =K (say) Q(a.B. A)
a=2K+7, B=4K +14, y =k +5

[] Q Lie on the plane 2x+4y-z=z

] 2(2K+7)+14(4K+4) — (-K+5) =2
[] K=-3

[] foot of perpendicular is (1, 2, 8)

[J Length of pg = \/(7 —1)> +(14-2)% +(5 -9) B3/21

8. A Variable plane which remain at constant distance 3p from origin eat the coordinate axis
at A, B, C. Show that the locus ao the centroid of triangle ABC is
X 2+y2+z?2=p?

Solution :

Let equation of place be §+% +§ ) P (1) where a,b,c, are variable

This meets x,y,z axes at A (a,0,0), B (0,b,0), C (0,0,¢)
Let (a,8.y) be the centroid of triangle ABC

_a+o0+0 _ —_0+b+o_p
B - A B

0+0+C
r= =C
s 5

The plane 1 at distance 3p from origin
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O3p=

03p= 1
\/%2 +%2 +%2

Lot 1,1

W_az b2 o2

from (i1) we have, a=3a,b=38,c =3y

N —

W

or,

] -
S

(@]

7

o +
=N

)

>

=

17

O ==
x| —
X <
N[ —

°
T8

+ y# z?2

PRACTICE EXERCISE
(SECTION-A)

Find the angle between 2x =3y =—z and 6x =—y =4z

If a line makes 30°, 60°, 90° with position direction of X,y and z axis find its direction
cosine

Find the direction cosine of a line which makes equal angle with coordinate axis.

Find the intercept cut off by the plane 3x + 6y —3z =7

Find the value of A so that the lines

1-x_7y—-14 _z-3 T=TX_y-5_6-2
3 22 > and —3 1 5

are at right angle

2x-1_3y+5 _2-z
4 2 3

Find the equation of line through (—1,2,1) and parallel to

What is the direction cosine of X, y and z axis
Find the vector equation of plane passes through the point (1,0,-2) and normal to the

plane (f +]- l2)
Find the distance between two plans 2x + 3y + 4z =4 and 4x + 6y + 8z =12
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10.

11.

12.
13.

10.
11.

12.

13.

Find the coordinant of the point where the line through (5,1,6) and (3,4,1) crosses the
yz—plane

Write the equation of plane parallel to xoy plane and passing through the point (2,-3,5)
Write the distance of plane ;/[(JZf -J +2K) =12 from origin

Write equation of plane passing thropugh (a,0,0), (0,b,0) and (0,0,¢)

SECTION-B
Find the image of the point ﬁ+3j +4R§ in the plane F[%" -+ l?ﬁ=5

A line makes angle a, 3,y and § with the diagonal of cube prove that
Cos’a +Cos’f3 +Cos’y +Cos’d =%
Find the image of the point (3,-2,1) in the plane 3x—-y+4z=2

_y-lz-2

Find the image of the (1,6,3) in the line 7 3

Find the lenght of foot of perpendicular from the point (1,1,2) to the plane r [@‘ -]+ Rﬁ =5

Find the equation of the plane through the points (2,1,0), (3,-2,-2) and (3,1,7)
Find the equation of the plane which contains the line of interseetion of the planes

r[ﬁ+2i+3ﬁﬁ:4 and r[@“f—ﬁﬁﬁﬂ which is perpendicular to the plane

f/[%srui—a%ﬁw =0
Find the equation of the plane passing through the point (—1,3,2) and perpendicular to
each of the plane x + 2y + 3z=5and 3x + 3y +z=0

Find the distance of point with p.v. - —=5] —10k from the point of interseetion of the
line I = ﬁzf— j+2Rﬁ+}\ﬁ3f +4] +12@ with the plane I [%— J'AHzﬁ: 5
Find the angle between lines x—2y +z=0=x+2y-2zand x + 2y + z=0=3x + 9y +5z
Find the equation of plane through the points (1,0,—1) (3,2,2) and parallel to the line
-1_y-1_2z-2
1 -2 3
If a variable plane of a constant distance p from the origin meets the coordinant areas in

point A,B and C respectively through these points, planes are drawn parallel to the

11,1 _1
coordinant plane show that locas of the point of intersection is 2 L=

Yy 4

p’
Find the equation of plane through the intersection of planes I [(I+3J) 6=0
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and?[@sf - —4|2@: 0 which is at a unit distance from the origin.

SECTION - C
Find the shortest distance between the lines given by I = @Nﬂ +8] +8R§+r§ B3I +2] +4@
and 1 = ﬁ—z,f -7i +612a + ;JH 30 2] Mlﬁ also find the equation of shortest distance.
x—1 _ y-2 _ z-3 and X—4 _ y-1
2 3 4 5 2
point of intersection of these lines.

A variable plane is at a constant distance p from the origin and meets coordinate axes in
A, B, C. Show that the locus of the centroid of the tetrahedron AABC is

X2+y2?+z2=16p2

=z intersect. Also find the

Show that two lines

Shows that the lines 1 17y -z and —— =— =2z-1 are coplanar. Also find the
2 2 3 2

equation of plane containing them.

Show that the lines r = @zf —3R@+)\§f +2] +3l§ and r = @ﬂ +6] +3R@+H§2f +3] +4@

are coplanar. A Iso, find the equation of the plane containing them.

Find the vector and cartesian equation line passing through the point g+ 2] +3Rﬁ and

parallel to planes Fg - +2R@ =5 and Fﬁsf +]+ Qﬂ =6
Find the distance of point (-1, =5, —10) from the point of intersection of the line

F:@zf—j+2|€@+)@3f +4] +2l§ and plane Fg— i+l€@:5.

ANSWER (SECTION - A)

900, 2.fy1 3.1/,1/,1/
3o 1500 NN RN
VLT 5= e x+l_y2_z-
3’ /6 3 11 2 % -3
3
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10. (. 1%, ‘1%@ 11.z=5 12.4  13. %+%+% =1

SECTION - B
1. (3,1,6) 3.(0,-1,-3) 4.(1,0,7) 5 %
6. Tx+3y-z=17 7. 33x+45y+502-41=0 8. 7x—8y+3z+25 =0
10. 92005_1(% ) 11. 4x-y-22-6 =0
Ja06 y
13. F.ﬁ—zf+4j‘+2|2@+6 =0 or F.Eﬁf+2f-4lzﬁ+6 =0
SECTION - C
. SD=3430, F=§sf +8] +3KE +1H] 6 -15] 3 2. (=1,-1,-1)

4. 2x-5y-162+13=0 5.t ~2]+KH+7 =0

6. r=i+2] -4k +A i +3] +6k 7,13 unit.
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LINEAR PROGRAMMING

I mportant definition and facts:

1. Linear programming is a tool which is used in dicision making in business for obtaining
maximum and minimum value of quantity subject to certain constraints.

2. Objective function :— The linear functionz=c¢ x, +.......... cnxn which is to be maximized
(or minimized) is called the objective function of L.P.P.

3. Feasible solution :— Any solution to the general L.P.P. which satisfy the non-negative
restriction of the problem is called a feasible solution to the general L.P.P.

4. Optimum solution :— Any feasible solution which optimise (mimimizes or maximizes)
the objective function of a general L.P.P. is called an optimum solution

I mportant facts:

(1) Feasible region is the intersection of the regions of the inequation.

(11) The feasible region is always a convex polygon

(111) Iso profit lines are parallel to the objective function

(iv) The objective function is maximum or minimum at a point, which lines on the boundary
of the feasible region.

ILLUSTRATIVEEXAMPLE
1. Minimized f=6X+ 7y subject to 10x+4y >20,5x+5y =20,2X+6y =12,X,y =0
Solution :
(1) 10x+4y=20
5x+2y = 10 clearly, point A (0, 5) and B ¥
(2, 0) lie on the this line (0, 4) and (non-origin 5)*\

y

\
side) P ‘\\
(i) 5x+ 5y =20 0.9\}

X+ Yy =4 clearly, p(0, 4) and Q (4, 0) lie N

on this line and (non-origin) (0, 2L) \
(iii) 2x + 6y = 12 N
X+3y=6
clearly, the points L (0, 2) and m (6, 0) lie
on this line and (non- origin)

The points of the feasible region are m, T, B Q M
S and A where S is point of Inter section of line 2.0 40 (6,0)
AB and PQ x+y=4 and 5x+ 2y =10 gives Xx= 2/3,y= 10/3
[1 S=1(2/3,10/3)
T is the point of intersection of LM and PQ x +y=4and x +3y=6 givesx=3,y=1
T=@3,1)
AtM (6,0),f=6x6+7x0=36
AtT@3,1),f=6x3+7x1=25
AtS (2/3,10/3),f=6 x2/3+7 x 10/3 =82/3
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AtA(0,5),f=35
[J Optimum solution of given problems corresponds to T (3, 1)
[0 Minimum value is 25 when X=3,y=1

2. Maximize z= X+ Yysubjectto x—y<-1 —-x+y<0, Xy=0
Solution :

(1) x — y =1 which passes through the points A (-1, 0) and B (0, 1)

(i1) and —x +y = 0 passes through the point 0 (0, 0)and C (1, 1)

The line AB and OC are parallel. The negion xoy plane which satisfy x—y < -1 lies about
the line AB and region xoy plane which satisfy x+ y <0 lies below the line OC. Thus there
is no feasible region.Hence, Max z does not exust

S “\\

0 (0,0)

3. There is a factory located of each of the two places P and Q from thus location a certain
commodity is delivered to each of thus depots situated at A, B and C. The weekly requirements
of the depots are resp. 5,5 and 4 units of the commodity while the production capacity of the
factories at P and Q are resp. 8 and 6 units the cost of transportation per unit is given below.

To Cost (in Rs.)
From A B C
P 16 10 15
Q 10 12 10

How many units should be transported from each factory to each depots in order that the
transportation cost is minimum formulates the above LPP mathematically and then solve it.

Solution : Minimize z = x — 7y + 190 subject to
X+y<g8
X+y=4
X<5
y<5
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and x=0,y=0
linex +y=8gives B, (0,8)and A (8, 0), line x
+y=4gives B,(0,4) and A, (4,0),x=5andy
= 5 passes through the p[oint A, (5, 0) and B, (0,
5).

The coordinate of the corner points of the
feasible region A, A, P Q B, B are A, (4, 0),
A (5,0),P(5,3),B,(0,5),Q(3,5)and B,(0, 4)

AtA,(40)02 4 2 6 196 194
AtA,(50)02 5 2 & 196 195
AtP(53)0z 5 % 3 196 174
AtQ(3,5)0z 3 £ 5 196 158
AtB, (0,502 6 % 5 196 155
AtA,(40)02 4 2 4 196 162

clearly zis minimum of X=0, y=5 and minimum value of zis 155.

PROBLEM FOR PRACTICE (SECTION-A)

1. Minimise Z= x+2y subject to
2X+y=23, Xx+2y<6, and x=20, y=0
2. Show that the minimum of zZ occurs at more than two points. Minimize and maximize
z=5x+10y subject to x+2y<120, x+y=60, Xx—-2y=0, X, y=0
3. Maximise z=-x+2Yy subject to
X=3, Xx+y=5 x+2y=6, x,y=0

4. Minimize and maximize z=5X+2Yy subjectto —2x-3y<-6
X—-2y<2
3x+2y<12
-3X+2y <3
X,y=0

5. Maximize and minimize z =3X+5y
3Xx—4y+12 20, 2x-y+2 =20, 2x+3y -12 20, 0 <x <4, y =2
6. Maximize z =3x +5X%, subject to

X|+3X2 >3, X X, >2, X% >0

106



SECTION-B

A manufacturer produces two types of steet truncks. He has two machines A and B. The
first type of the trunk requires 3 hours on machine A and 3 hours on machine B. The
second type of trunk requires 3 hours on machine A and 2 hours on machine B. Machine
A and B are run daily for 18 hours and 15hours respectively. There is a profit of Rs. 30 on
the first type of the trunk na dRs. 25 on the second type of the trunk. How many trunk of
each type should be produced and sold to make maximum profit?

A young man drives his vehicle at 25km/hr. he has to spent Rs. 2 km on petrol. It he drives
itata faster speed of 40 km/hr. the petrol cost increase to 5 km. he has to spend Rs. 100
on petrol and travel within one hour. Express this as on LPP and solve the same.

A gardenar has a supply of fertilizer of type I which consist of 10% nitrogen
and 6% phosphonic acid and type 11 fertilizer which consist of 5% nitrogen and 10%
phosphoric acid. After testing the soid condition he finds that he needs at least 14kg of
nitrogen and 14kg of phosphoric acid for his crop. If the type I fertilizer cost 60 paise
per kg and type II fertilizer cost 40 paise per kg. determine how many kg of each fertilizer
should beused so that nutrient requirment are met of minimum cost. What is the minimum cost.
A dietician has to develop a special diet using two foods P and Q each backet (containing
30g) of food P contains 12 unit of calcium, 4 unit of iron, 6 unit of choletrol and 6 unit
of vitamin A. Each packet of the same quanting of food Q contain 3 unit of calcium, 20
unit of iron. 4 unit of cholestrol and 3 unit of vitamin A. A diet requires atlest 240 unit of
calcium, at least 460 unit of irom and at most 300 unit of cholestrol. How many packet
of each food should be used to minimize the amount of vitamin A in diet? What is the
minimum amount of vitamin A?

An Aeroplane can carry maximum of 200 passengers. A profit of Rs. 1000 is made on
each executive class ticket and profit of Rs 600 is made on each economy class ticket.
The airline reserve at least 20 seat for executive class. However, at least 4 times as many
passenger prefer to travels by economy class than by executive class. Determine how
many tickets of each type be sold in oder to maximise the profit for the airline. What is
maximum profit.

Two godowns A and B have grain capacity of 100 quintals and 50 quintals respectively.
They supply to 3 vation shops D, E and F whose requirment are 60, 50, 40 quintals
respectively. The cost of transportation per quintal from the godowns to t he shope are
given below. How should the supplies betransported in order that the transportation cost
is minimum ? What is the minimum cost?

Transportation Cost per quintal (in Rs.)
To A B
From
D 7 3
E 6 4
F 3 2
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ANSWER (SECTION-A)

Minimum z= 6 at all the point on the line joining the point (6, 0) and (0, 3).
Minimum z= 300 at (60, 0)

Miximum of z= 600 at lkine joining (120, 0) and (60, 30).

Zhas no max value.

.. 63 . ©o 0
Minimum value 13 at H% 3, 2‘%35.

Maximum value of zis 19 at (% %) .

Minimum value of z=19 at (3, 2)
Maximum value of zis 42 at (4, 6)
7.
SECTION B

3 trunk of each type.
50
At 25kmg . 504 km,

At 40km 40/

Max distance = 30km.

Typel - 100 kg, Typell - 80kg

Max Cost =Rs. 92.

Food P =15 packet

Food Q = 20 Pecket

Minimum amount of vitamin A = 150 unit.
Executive class = 40 tickets.

Economy class = 160 tickets

Maximum profit = Rs. 1,36,000

PROBABILITY

Important definition and facts :—
Conditional probability :— Conditional probability of occurence of event A, given that the

event B has already occured and P(B)#0 is given by P(%) :% provided

P(B)#0 and P(%)=M,P(A)¢O

P(A)
Property - 1. P(A%)=1-P(A4) 2. P(AU %):P(%)+(%)—P(Aﬂ %)

3. P(AU %) = P(%) + P(%) when A and B are mutually Exclusive.
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Independent event : Let E and F be the two events such that probability of occurence of one
of them is not affected by occurence of the other. Then they are called independent event.
(a) Two event E and F are said top be independent if —

P(F/E) =P(F) provided P(E)#0

P(%) =P(E) provided P(F)#0
(b) Two events A and B are said to be independent if P(ANB) =P(A)P(B)

* Baye'sThaorem: If E,E,........ E, are events which constitute portion of sample space

Le. E,E,....... E, are pair wise disjointand E, UE, U........ UE, =S and A be any event with
non zero probability. Then

5 o PO

> PEP(5e)

* Binomial distribution : In expansion (g + p)” General term P(r), the probability of r
success is given by P(r)= n. g™ p’
* Mean of random variable :— Let X be a random variable whase possible value X, X, ............. X,

occure with probability p, p,.....c....... p, respectively. Then mean of X (denoted by ) is

in pi

* Varience of random variable :— Let X br the random variable whase possible values

A A S x, occure with probanility p, (X ), P, (%, ). Py (X, ) resp. Then variance of

X denoted by var (X) or g, isdefinedas o} =var(X)= i (x —4) p(x ) and standered

1=1

deviation

0x=\/i(>q—u)2p(xl) pi

1=1

Note : (a) Mean=np
(b) Variance = npq

(c)S.D= \/ﬁ
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[lustrative Example :
1. Inahostal 60% of the students read Hindi newspaper, 40% read English newspaper and
20% read both Hindi and English newspaper. A student is selected at randow.
(1) Find the probability that she read neither Hindi nor English news paper
(i1) Ifshe read Hindi newspaper, find the probability that she read English news paper.
(111) Ifshe reads English newspaper find the probability that she read Hindi newspaper.
Solution :
Hindi : Student reads Hindi newspaper
English : Student reads English newspaper

DP(H)z%:y, P(E):%:y, P(HﬂE)z%:%
6)) Requiredprobability=P( NE ) (HUE)—I— (HUE)
-1-{P()+#(0)-P(Hne}
{4 / /}-1- E

1
(i)  Required Probability = P('%_| ) % L =%

&

(iii)  Required Probability = P( /E) H ﬂE _/ /

%

2. A man speaks truth 4 out of 5 times. He thriw a dice and report that it is Six what a Probability
that it is actually Six.

Solution :  E; : the event that man speak truth

E, : the event that man not speak truth
Let A be event that the man reports Six

OP(E)=4. P(E)=)%. PEOLH= Y. PHAEH =%

Probability that Six has occured when man speaks that there is Six.

e P(E,)Epﬁ%ﬁ
7o P(E) P P () 7 e

o
il le3,
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3. The sum and product of mean and variance of a Bimomial distribution are 24 and 28 resp.
find the distribution =

Solution :  Mean np and var = npq
[ % np + npg = 24 and npxnpq =128

np(1+q) =24 and n’p> xnpq =128

=2 g 2128
—1+q and q
024 F 128

==°0 5769 128( q)
Gvad g ¢

0 29°-5q+2=00¢ Y  [+¢ 2

_ T
[ p=1-q=1 E—A
[] n=32

r
thus Binomial distribution is P(x=r) =32, %ﬁsxﬁ% F =012, 32

4. A box contain 100 bulbs out of which 20 we defective. 10 bulbs are selected at random
find the probability that (i) All are defective (ii) none is defective (iii) at least one is
defective (iv) At most one is defective.

Solution: n=10

20

Probability of getting defective bulb P = 100

80
Probability of getting not defective bulbs q = —

20
New P(r)=ng (P) (a)""

0 vero 0ot o LR B
(b) v=00 p(03 “g, %ﬁﬁgo-w:ﬁ%m

(c) v=1[] p(r21):1—p(0):1—§§4ﬁ
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d) v<2 O P(r=2)=p(0)+p(1)+p(2)

10-2

o3 o] B
1oiwd
~ 25 BsH

5. Two person A and B throw a coin alternately till one of them gets head and wins the game.
Find their respective chance of wining.

Solution :

p(A)= A ) p(ﬂ) = A , p(B)= y , D(E) = % A wins the game if he throw coin in 1%,
[ ] Probability of A winning the gane is

p(A)+ p(ﬂ) p(E) P(A) +i.

1 . og
—+B§H ............................

[] Chance of B winning =1- % = %
6. Find the mean and variance of number obtained on a throw of an unbiased die.
Solution :  S=1{1,2,3,4,5,6,}
1
0 P(1) = PQ) = P(3) = P(4) = P(5) = P(6) = /&

X 1 2|1 31 4] 5] 6

I AVAVAVAVAV
DMean=E(X):1+%+2 +% +3 +% +4 +% 15 +% 16 +% =26_1

Also = E(x)=1? +% +22 +% +32 +% +42 +% 453 +% e +% =96_1
] Var(x):E(x2)—g( x) _2-%5 3/2
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10.

11.

PRACTICE EXERCISE

A proble in maths is given to 3 students whose chance of solving it are y , y , % . What
1s the probability that the problem is solved.

If P(A)= 1), P(B)=x and P(AL B) = 3/ find xif they are mutually exclusive.
2 5

if 2P(A)=P(B) =, and P(A%) =2 find P(AUB)

Probability of happening of three independent events are P, P, P,. What is the probability
that at least one of the events will happen.

If P(A)= A , P(AUB) = y , P(B) =P then find P if they are independent.

If A and B are two events such that P(A)=0.3 =P(B) =0.6 and P(B/A)=0.5 find P(A/B)

IfP(A) =3/8, P(B) =1/2 and P(ACB) = 1/4 find P (%) .

A fair die is rolled consider the event A ={1,3,5} ,B=1{2,3} and C= {2, 3,4, 5} find

P=(AUB/C)

One card is drawn from a pack 52 cards so that each card is equally likely. Then prove that
A : The Card drawn is spade.

B : The Card drawn is an ace

are independent.

Event A and B such that P(A) = / ,P(B)= %2 and P (not A ornotB) = % state whether
A and B are independent.

P(A):A, P(B):é, P(AUB)=% find P (neither A nor B)
SECTION -B

Probability of solving a problem independently by A and B % and % respectively. I[f both

try to solve the problem indendently. Find the probality that (i) problem is solved
(i1) excatly one of them solve the problem.

A card from pack of 52 cards is lost from the remaining cards of the pack, two cards are
drawn and are found to be both diamond. Find the probability of the lost card being a
diamond.

If the sum of the mean and variance of binomial distribution for 5 trials is 1.8 find the
distribution.

Two cards are drawn at random one by one without replacement from a well shuftlell
pack of 52 cards. Find the probability distribution of number of aces.

Two cards are drawn successfully with replacement from pack of 52 cards. Find the
probability distribution of kings.
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10.

11.

A pair of clice 1s thrown 7 times. If getting a total of 7 is considered a success. What is
the probability of

(1) no success, (i1) 6 success, (ii1) at least 6 success, (iii) At most 6 success.

Of people havingg HIV, 90% of the test detect the disease but 10%”" go undetected of
people free of HIV 99% of the test are judged HIV butr 1% are diagnosed as showing
HIV +ve from a large population of which 0.1% having HIV one person is selected at
random given the HIV test and the pathologist reports him/her as HIV +ve. What is the
probability that the person actually has HIV.

Anurn contain 5 red and black balls. A ball is drawn at random and its colour is noted and
is return to the urn. Moreover 2 additional balls of the colour are put in the urn and then
a ball is drawn at random. What is the probability that the second ball is red.

A letter is known to have come either from TATANAGAR or CALCUTTA on the envelope
just two consecutive letters TA are visible. What is the probability that the letter has
comes from (1) Calcutta (ii) Tatanagar.

Three person A, B, C throw a die in succession till one gets a ‘six’ and wins the game.
Find their respective chance of winning if A begins.

A husband and his wife appear for an interview for two post. The probability of the
husband selec tion is% and that of wife selection is% what is the probability that

(1) both of them will be selected.

(i1) only one of them will be selected.

(i11) at least one of them will be selected.

(iv) None of them will be selected.

SECTION-C
Five cards are drawn successively with replacement from a well shuffled pack of 52
cards what is probability that
(1) All the five cards are spade.
(i1) Only three cards are spade.
(i11) None is a spade.
A and B throw alternately a pair of dice. A wins if he trows 6 before B throw 7 and B
wins if he throw 7 before A throw 6. Find their respective chance of winning if A begins.
A coin is biased so that the head is 3 times as likely to as tails. If the coin is tossed twice.
Find the probability distribution of No. of'tails. Also find the mean and variance.
Two cards are drawn simultaneously without replacement from a pac k of 52 cards.
Compute the mean, variance and standared deviation. for the No. of kings.
A random variable x has the following probability distribution values up x.
X: 0 1 2 3 4 5 6 7
Px): O k 2k 2k 3k k? 2k*  7k*k
Find each of the following.
Mk (@{A)Px<6) (i)P(x>=6) (iv)P(o<x<)5)
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11.

A and B be two independenelent events the probality of their simultaneous oceurence is

é and the probability that neither oceurs 1s ﬁnal P(A) and P(B).

Answer (Section -A)
3, 2. Y, 3.1 4.1-(1-P)(1-P)(1-P)
Y 6. ¥4 7.3, 8.3, 11. 4%

Section - B
- 188 32 1
%0 2115 3. 5,,(0.2)° 0877 4 21 2217 221
144 24 1 : . ; .
169 169° 169 6. (%) - 35(%) - (%) 1-(%)

"N og9 8.5 91 Ui 10. 3% 3% 2%,
Y. % 11,2
35 710 /35 < /35

Section - C
1 45 243 30 31
Hora 5120 2004 23061, 361
9 6 1 _3 3 6800
6 16’ 16 and mean —E,Var. 3 4, /21, 1 37

181 19 4
10 100" 100" 5

P(A)=1) andP(B) =1, or, P(B) =1 and P(A)=
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