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A Word for the Student

It givesusgreat pleasurein bringing out the study material according to the new syllabus
of C.B.SE. A group of experienced teachers and Principals have put in their hard work in
preparing the booklet in tune with the guidelines of C.B.SE with a view to provide you the
synopsis of the whole course at a glance.

The study materials have been especially designed to help in revision and dummy
examination. Use these materialsto their fullest besides, using other materials. The study
material isready to give you command over concept and ability to answer any questionin
its proper way.

It has been told “ It is not the feathers but the spirit that flies.” It is you only who is
going to shape your future. Put in your best endeavor keeping in view of the following :-

a.

b.

Fix a target for yourself and plan strategies to achieve these with the help of
teachers & parents.

Make a time- table for regular studiesor revision of minimum 6-8 hrsdaily. Do
not study at a stretch, take a few minutes break.

Writing practice should be done by solving different questions.

Never read mathematics. Always adopt pen & paper while you are with
mathematics.

As far as possible continue with the normal routine of sleeping & eating.

A balanced diet will boost energy.

Improve you concentration by relaxation practice deep breathing or yoga.
Regular and moder ate exercises reduce stress by relaxing tensed muscles.
Quickest and most effective way of eliminating stressisto shut down your eyes
and take deep breaths.

Believe in yourself and prepare well. Take help of teachers and parents from
timetotimeand say “ | do not believe in things to happen but | believe to make
them happen.”

Above all, never fear exams, avoid panic and most important do not worry about vour
results. Put in your best efforts and good result shall be yours

Wish you all the best

Yours

Jes?

(U. N. Khawarey)
Asstt. Commissioner
KVS GR, Guwahati




A WORD TO THE PARENTS

Dear parents,

Ritcher says, ‘ Every human being has two educations-that which is given to hinvher,
and the other, that he givesto himself. Of thetwo kinds, thelater isby far the most valuable.
Felton adds, “ Knowledge will not be acquired without pains and application. It is
troublesome and deep digging for pure water; but once you come to the spring, they rise
up & meet you. “ Batista concludes, “ The best inheritance that a parent can give to his
children is a few minutes of his time everyday.

While thanking you for your trust in us by putting your wards under our care, | would
like to recall you that this is the high time for us to be supportive to our students as
teachers as well as parent. As a parent you may take care of the following in letter and
spirit in respect of your ward:

1. Please watch the food habits of your children, green vegetable, milk honey, egg,

fish, hygienic and fibrous food is the need of day for your children.

2. They must have sometime (say 60 minutes) for physical activities (be it games &
sports, running, swimming Yoga or other Exercise, etc.) They should have some
time (say 60-90 minutes) for fun, not necessarily in one spell. Study hours should
have breaks after every 60-90 minutes.

It is not only important how much he /she studies but also well he/she studies.

Please always encourage your children. Please do not condemn them even if they

do not perform up to your expectation in an exam. Make them aware of the mis

takes to ensure that the same are not repeated in future.

5. Please don’'t compare him/ her with any other child. Compare him/ her interms
of Time. Aslong as he/sheisimproving, there is no reason for disappointment.

6. Please don't criticize the school or any teacher infront of the child. ‘This will
lower hig/ her faith in the system.

7. Boost his’lher morale and let himvher have confidence in himself/her self.

8. Helphim/her indirectly by facilitating but for God' ssakedon’t DO HISHER WORK
since he/she has to do his/her own work and that he/she will learn only by doing.

9. Help hinvher to be able to think in a systemic and coherent manner.

10. Encourage your child for discussion, mental exercise and experimentation.

11. Please ensure that atmosphere at homeis congenial for study and practice.

> w

Let usall havefaithin himvher and let ushelp hinvher achieveto his/her fullest potential.
With Best Wishes.
Your,

feo?

(U.N.KHAWAREY)
Asstt. Commissioner
KVS, GR, Guwahati




A WORD FORTHE TEACHER
Dear Teachers,

You must be happy to get the study materials for your students. | am aware that the
materialsarefruits of your hard work, dedication and love for your students. By now, you
must have made the following exercises:

1. Checking status of your students subject-wise, area-wise and competence-wise.

2. You must have identified your low achiever and high-achiever students and also
the areas which require your attention in terms of priority.

3. You must have set different targets for the low and high achievers.

4. You must have prepared plans for higher and additional tasks and motivation for
the bright students.

5. You must have earmarked tasks for the low achievers followed by expanded
coverage areas.

| would like to advise you to use the contents of the Sudy Materialsto its fullest by

i)  Constant monitoring.

i) Emphasizing on concept and not on learning by ‘Not *.

iii) Emphasizing on Surprise Element and not on guess work.

iv) Using thinking as a tool by encouraging the students to make reference, analysis,

summaries etc.

V) Motivating the students to self-study, self test and self-evaluation.

vi) Ensuring that right type of study Techniques are adopted by students.

I would also like to add that no student should be humiliated and insulted. Please tell
him/her first his’her plus points-strengths followed by his/her weak points. However, all
the weak areas should not be pointed out in one go.

I hope you would use your talent and experiences by giving personal attention to each
student and by giving them dead-line-based time-framefor |earning, noting, under standing
and recalling the understood contents as well as by having more and more practice.

| wish that your effortswill bring about a quantitative aswell as qualitative upsurgein
the result of your subject in particular and school in general.

Thanking you.
Your’ s faithfully,

Jeo?

(U.N. KHAWAREY)
ASS STANT COMMISSIONER




Editorial

“The beautiful thing about
Education isthat, no one
Can take it away from you”

“Thereisa brilliant child,
L ocked inside every student”

“What | hear | forget,
What | see| remember,
What | do | understand.”

The purpose of preparing study material in Mathematics for class Xl is to provide
strategy for better performancein the CBSE Board Examination 2009. Thismaterial gives
basic concepts, key notes, quick reference to the students. It is more application oriented
and coversall types of questions. The problemsare given in three groupsas per thedesign
of a questio. Some sample answers have also been provided to guide the students in
answering.

Some model question papers along with the some set’ s solution with marking scheme
have been provided. The question papers have been prepared by keeping the marks
distribution as per the new design. All efforts have been taken to fulfill the requirement of
an average student. Mathematics is a subject which requires a lot of practices so one has
to do accordingly.

| express my sincere thanksto all the teacherswho contributed a lot and prepared this
study material. | express my thanks to Shri R.J. Ram, Principal, K.V. Nagaon, Shri R.P.
Dwivedi, Principal, K.V. Happy vallely & Principal, KV, CRPF, Amengog, who helped a
lotinpreparing thismaterial. | believethisstudy material will be very useful to the students
and serve the purpose.

“What man want isnot to list, it is a purpose not the power to achieve but the will to
hard work.” As proverb goes,

“Ifitistobe
Itisuptome”

oy
(Anil Kumar)

Principal
KV, ONGC, Jorhat
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PART-I

CHAPTER-1
Relations and Funtions

Key point
(I) A relation in a set A is a subset of A X A. Thus, Risarelationinaset A « RO A A.

Types of relations

(a) Void/Empty Relation :

A relation R in a set A i1s called empty relation if no element of A is related to any
element of Ai.e R= ¢ [0 AXA

(b) Universal relation :
A relation R in a set A 1s called universal relation if each element of A is related to
every element of A i.e R= AxA

(c) Identity relation : The relation IA = {(X, X) IXD:A} is called identity relation

on set A.
Classification of Relations :

(i) Rellexive: A relation R in a set is said to be rellexive if (a,a)[JR for all afJA.
(i) Symmetric: A relation R in a set A is said to be symmetric if—

(33)0R (2,8) Rala, A

(iif) Trangitive : A relation R in a set A is said to be transitive if

(a.3)0Rand (3.8 B (a.a)0RV-aa,al A
(iv) Equivalencerelation : A relation R in a set A is said to be equivalence relation
if it is reflexive, symmetric and transitive.

Function :

If Aand B are two sets then a rule f, under which to every element X of the set A there
corresponds one and only element Yy of set B is called the function from A to B.

If a pre-image is denoted by X and all image is denoted by Y, then we can write

y=f(x)

T
Image (OB) T~ Pre-image (JA)

f(X) is called the value of the function f at the point X.

Machine Model of Function " f

y
0A)  (OB)



A function f: A _, B is called real valued if the image of every element of A under f
1s a real number.

e iff) OR V= xOA

= f
Y (?

Dependent  Independent
Variable Variable

Various Types of functions:

1. One-one (Injective) function :
Iff: A - Bthen fis called one-one if no element of B is an image of more than one
element of A.

Symbolically, xzyO f(O& f(y)
Above condition is equivalent to

f)=f(yydx vy

Functions which are not one-one are called many one.

2. Onto (Subjective) Functions:
Letf: A _ Bthenfis onto if every element of B is the f-image of at least one element of

Here, Ry =B

(Range) = (Codomain)
If there exists at least one element in B which is not f-image of any element of A then f
is called an into function.

Here, Re UB

(Range) (Codomain)
“A function which is both injective and surjective is called bijective.”

Composition of Functions:
Letf: A Band g:B - C be two given functions. Then, the composition of f and g
denoted by gof is the function, defined by —

(gof): A - C:(gof )(X) =g(f(x)w xOA
Clearly, dom (gof) = dom (f)

Invertible Function :
Letf: A _, B. Ifthere exists a function g:B — A such that gof =1, and fog =1 then fis
called invertible function and g is called the inverse of f. We write f ' = g. Inverse of a

function is defined if the function is one-one and onto.



Binary Operation :
A function f: A _, B, where A is a set, is considered as a unitary operation in the sense
that an element of A is associated to each singleton sub set {a} of A.
If an element of A 1s associated uniquely with each subset of two element of A (the order
of the element being taken account), we obtain a binary operation on set A.
In other words, a map A x A _, B is called binary operation in A and if Bl A, then A is
said to be closed with reference to the operation.
1 Addition of two real numbers is a binary operation.
i1 Multiplication is also binary operation on R, while division is not binary operation
on R, because division by 0 is not defened. But division is a binary operation on
R - {0}.

Properties of Binary Operations:
i. Commutative: Ifa«b=>b xa \* abl] A then * is commutative.
ii. Associative: Ifa = (b = c)=(a*b) = ¢ a,b,c[]A then = is associative.
iii. Existence of Identity Element : If = is binary operation on A and there is e[JA
such that a x e = a = e = a, then e is the identity element.
iv. Existence of Inverse Element : An element b in a set A is said to be inverse of an
element g[] A with reference to binary operation « ifaxb=e=b=x*a

ILLUSTRATIVE EXAMPLES

Example-l : Let A be the set of all line in Xy — plane and let R be a relation in A, defined by

R={(1,, 1,):1,1I1}

Show that R is an equivalence relation in A.

Solution :
() Reflexivity :
Let L be an arbitary line in A.
Then, L||ILO (LL)OR w10 A
Thus R is reflexive

(il) Symmetry :
LetL,L,OA suchthat(L,,L)OR,then(L,L,))OR] L, |L,
0 L,|IL,
O(L,,L) R

0 R is symmetric

10



(i)  Transitivity : LetL ,L,L, (A suchthat(L,,L) QR and(L,,L,) OR
Then (L, L,) OR and (L,, L))

O L,|IL,andL, || L,
O L L,
O (L,LJ R

[ ] R 1s transitive.
Thus R is reflexive, symmetric and transitive.

Hence R is an equivalent relation.

Example-2: Show that the function f: R - R: f(x) = 3 —4x is one-one onto and hence
bijective.
Solution:  We have f(x,) = f(x,)

03 4x =3-43x,
O - 4% - 4x,
U XT X,

[ ] f1s one-one.

Now let y=3-4x

|:| = 3?Ty
3 —_
Thus for each yOR (Codomain of f), there exist X = _4y UR such that
B-yO 3-y]

0 =f [~ H:DEB_4 = Goy) =y
This shows that every element in co-domain of f has its Pre-image in domain f
[ ] fis onto
Hence, the given function is a bijection.
Example- 3: If f(x) = ¢xand g(x) = logx (x >0), show that fog = gof
Solution :
We have f (X) = ¢xand g (X) = logx, (fog)(x) = f (g(xX)) =f (logx) = ¢lex =X and (gof)(X)
=9(f(x)) =9(e* ) =loge* =xloge=xx 1 =X
Hence fog = gof.

11



Example- 4 :Letf:[-1,1] - Y :f(x)= ﬁ,x # =2 and Y =Range (f) : show that fis invertible
and find f .

Solution : We have f(x,) = f(x,)

|:| Xl —_ X2

X, 2 X, +2
U xxt 2x xx+ 2%,
U 2x5  2x,

Ux x,

[ fis one.one
Since R, = y, so fis on to.
Thus fis one.one on to.

O fis inverlible.

Let y[OY. Then, there exist x[J[-1,1] such that f(x) =y
Now, y = f(x)

Thus, we define
L -y ) =2y
-y

Example-5: In the set of natural numbers, whether the operation ‘O’ defined by mon =
g.c.d (m,n) : m,n [J N 1s (1) Commutative (i1) associative
Solution :
We have mon = g.c.d (m,n), m,n(ON
(1) Since g.c.d (m.n) = g.c.d.(n,m)
[J] mon = nom
Thus O is commutative binary operation
(i1) Let Lm,nON
then g.c.d.{l. g.c.d.(m,n)} = g.c.d (g.c.d(l,m),n), P 10 (mon) = (lom) on
[0 O is associative binary operation.

12



QL

Q2.

Q3.

Q4.
Q5.

Q6.
Q7.

Q8.
Qo.

Q10.

Q11.

Q12.

Q13.

Q14.

PROBLEMS
GROUP - A (1MARK QUESTIONYS)

Let A={1,2,3,4,6} and R be relation A defined by R={(a,b) : a[JA, b[JA and a divides b}
Find (I) R (II) dom(R) (IIT) Range(R)
Show that the relation R = {(a,b) : a > b} on N is transitive but neither reflexive
nor symmetric.
Let A = {1,2,3} and R= {(1,1),(2,2),(3,3),(1,2),(2,3)} show that R is reflexive but
neither symmetric nor transitive.
Let f:N - N: f(x)=2x+4% xON . Show that f is one.one.
Find the domain of the real function, defined by
f(x) =

1-x
Let R be the set of all real numbers. Let f:R- R:f (x) =sinx and
g:R - R:g(x)=x*.Prove that gof # fog.
Show that the function f: R _, R : f(x) = 2x + 3 is invertible and find f!
If f(x) = oxt ,(x % %), show that f(f(x)) is an identity function.

4x =5
Let f be the exponential function and g be the logarithmic function. What is

(fog) (1)?
Iff(x) = /x (X>o0)andg(x)=x—1, Is fog = gof ?

2

GROUP - B (4 MARKS)

If R is a relation in N x N, show that the relation R defined by (a, b) R (c, d) if and
only if ab =bc is an equivelence relation.
Let A be the set of all triangle in a plane and let R be a relation in A, defined by
R = {(8.) 18, Oy}
Show that R is an equivelence relation in A.
Give an example of a relation which is
(1) reflexive and transitive but not symmetric.
(i1) symmetric and transitive but not reflexive.
(111) reflexive and symmetric but not transitive.
Define * on Zby a * b=a+b - ab. Show that * is a binary operation on Z which is

commutative as well as associative.

13



Q15.

Q16.
Q17.
Q1s.

Q19.

Q20.

Q.1:

Q.5:

Q.7:
Q.9:

X2
1+x?

Find the domain and range of the real function f, defined by f (x) =

Iff:R_R:f(x)= (3_X3)% , show that (fof) (x) = x°
Letf: A - Bandg:B - Asuch that (gof) =1,. Show that f is one-one and g is onto.

Let R, be the set of all non-negative real numbers. Let f:R, - H,a:f(x)= x> +44.
Show that f'is invertible and find f-'.

fowow:fn _[h—-1, whennisoddd
W w: ) “Hh+l, whennisever
Show that f'is invertible. Find f '
Letf: R Rbe defined by
f(X)=x+1x
Determine whether or not f is onto.

Answers

(1) R={(1,2),(1,3),(1,4),(1,6),(2,4), (2, 6), (3, 6)}
(i) dom(f) = {1, 2, 3}

(iii) Range(R) = {2, 3, 4, 6}

Dom(f)=R— {-1, I}

f“(y)=%(y—3)
1.

Q. 10 No.
Q. 15: Dom(f)=R

Range (f)={yOR; & y< }

Q. 20 : Not Onto.

14



CHAPTER-2
| nver se Trigonometric Functions

Key point
9. | Function Domain Range
No. (Principal Values)
O m 1]
1. y=sin"' X [-11] T550
2. y = COS_I X [_1, 1] [0’ r[]
o m ng
3. y=tan"' X R B_E 0
4. y=cot™ X R (O )
L]
> y=sec'x | R-[-1]] [0,71] - ooF
O m
6. y =cosec”'X R—(—l,l) E_E EE_{O}
L () Sin" (Sinx)=x,x09 2,70
(i) Sin™ (Sinx)=x, XDH 230
(i) Cos™ (COSX)ZXD@), ng
- _ O mm
(iii) tan”! (tanx —X,XDE E’EH

(tanx)
(iv) Cot™ (Cotx)=x O, m
(v) Sec™ (Secx) =x, x UR, m= %

0 m

(vi) Cosec™ (Cosecx)=x, x 0% 20 {d
2. (i) Sin (Sin"lx) =x, xOF1, 1§
(i) Cos (Cos‘lx) =x, xOF1, 1§

(ii1) tan (tan‘lx) =x, xOR

15



(iv) Cot (Cot_'x) =x, xR
(v) Sec (Sec"x) =x, xOR- (-11)
(vi) Cosec (Cosec"x) =x, xOR= (-L1)

3. (i) Sin™ E}%E— Cosec™'x (x=1 or x<-1)

g HIN

(1) C B;H— Sec™'x (x=1 or x<-1)

(i) tan™ %H— Cot™x  (x>0)

4. (i) Sin™(-x)=-Sin"x  x[O[-L 1]
(i) Cos™(-x)=m—Cos™x, x[[-1 I]
(iii) tan™'(-x)=-tan”'x, xR
(iv) Cot™(-x)=m-Cot™(x), xR
(v) Sec”(=x)=m-Sec™ (x),
(vi) Cosec™ (-x)=-Cosec™ (x), [x|=1

5. (i) COS_'x+Sin_'x:g, x OF 1,1]
(ii) tan"'x +Cot™'x :%T’ x OR
(iii) Cosec™'x +Sec™x =g, x| 21
- - S Ox+y0 .
6. (i) tan” x+tan™'y=tan 1#5 if xy <l
~xyf]

X yD if xy >1
+Xy[0

(ii) tan™' x—tan”'y=tan™

40 2x 0.

(ii1) 2tan"'x = tan BI—ZH if |X| <1
-X

7. (i) 2tan” x=sin™ [

16



x|>0

O -x*0
ii) 2tan"'x =Cos™ )
(i1) x =Cos W%
. . -1
-y, —Qin~! _ 2
8. (1) 2Sin"x =Sin %xxll X5 5 <

IN
-

(i) 2Cos™'x =Cos™ (2x* -1), 5
9. (1) Sin'x Sirl_lyZSin_l{xdl—y2 + yy/1-x*

(i) Cos™x * COS‘ly:COS_I{XY FAI-x* DIy}

40 2x 0 ,d-x*0

-1 —_
10. 2tan"'x =tan"”’ BI——XH =Sin H"'—XZE =Cos’ +x2%

ILLUSTRATIVE EXAMPLES
Example 1: Find the Principal value of each of the following :

(i) tan™ %%E (ii) Cosec(=2)  (iii) Cos™ ET%@
Solution :

(1) We know that the Principal Value branch of tan™ is ﬁ—g, gﬁ

.0 10
Let tan” - —==0
“EF A0

tan0 = _—1 = tan L] where n Eﬁ_—n
5 He R "6 2
-7

Hence, the Principal value of tan™ H— is —
f H

SE

0 ]
(i1) We have that the Principal-Value branch of Cosex —1 is H EB {9.
Let Cosec™ (-2)=6
Then CosecO = -2 =Cosec ﬁ—%ﬁ’ Where %TDDE;—",EEE— {d

. _
Principal Value A

17



(iii) We have that the range of the Principal Value of Cos™ is [O, n] :
40 10

Let Cos™' —==
d V2b

Cosf = - | :—Cosg :Cos(7'r—7%):Cos3TlT

Principal Value :3Tn

Example2:
4070 _
Prove that tan~ Bl—Hﬂan H_E =tan"' —
Solution :
7
Here x =2 y=-_
Y
2 7 7
:—X—:—)l
50, XY= 1124 " 132
O 2 4 7 0O
;2 1 —1D ﬁ ﬂ 0
[Jtan~ —+ tan = tan [12775
1 O-=x—"0
0 11 240
C gt 1252640 010
64 2500 " HA
qdcosx O T X
Example 3 : Prove that tan™ =_-_2
P v M Oysinxd 4 2
Solution:  We have
dcosx O
L.HS.=tan™
H +SinxH
2 SinDﬂ—xD J
_.. .07 H HA
=tan [3 =
U +Cos -X
H 2



0, ... 07 xO,., Om xJ
Singr-*Hcos] -

can BB 2H"Ha
2D7T_XD

O 2
: 2.Cos 54» 2H

=tan”' Etanmﬂ—EE LIS
0 BZ 2% 4 2

0
=
u
0
=

Example 4: It Cos™'x +Cos™y +Cos ™'z =1 Prove that,
x> +y? +z> +2xyz =1

Solution : We have
Cos'x+Cos'y+Cos™'z=1m
0 Cos™* Cos's A Cos 'z

0 Cos_l{x.y NN yzk F Cos’'z
O Cos_'{xy NSO A y2=E Cos™{ z)

[ Cos™ (—x) =m—Cos™']

U xy \A x%ﬁ y=- z
Oxy 2z v xX*AF ¥

Squaring
x%y? + 722 + 2xyz = (1-x2) (1-y?)

Hence
xX*+y*+ 72+ 2xyz=1

19



INVERSE TRIGONOMETRIC
FUNCTION
GROUP-A (LMARKYS)

Q.1. Write the domain and principle brance of tan'x.

Q2. Simplify, tan" [L2COX gy <
1+ Cosx

Q.3. To simplify Cos™'(2x? — 1). What is the substitution for x.
Q.4. Write in simplest form—

Cos™ Hix’ -3xH
U Ux -
Q.5. tan™ %(LD— tan_lgx—% =
Ly Ox+yJ

1= 1 _
Q.6. Solve for x : tan™ =—tan”' X, x >0

1+x

.o .o 1
Q.7. If sin™ (1-x)-2sin™'x / , then x is equal to (i) 0,2 (ii) A (iii) 1, A (iv) 0
Q.8. Find the value of — Cot (tan"'x + Cot'x)

Q.9. Evaluate — sin % —sin™ (—%)E

.o 4. 3ng_3m
Q.10. Show that sin” ESmTE i —_ and find its value.

L 2B

. 20 . -
Q.11. Solve for x, sin 1 —+sin” —— =2tan" X
T ’ l+a 1+

GROUP-A (ANSWERS) (1-Marks)

1. Ans. :- Domain : R, Range : (_7, %)

2 Ans. - =
.ANS. - 5
3.Ans. :- X =cosf

4. Ans. ;- 3cos'x

5“Ans:-§é
6”Ans:-)<g
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7. Ans. ;- (iv)

8.Ans.:-0
9.Ans.:- 1
10. Ans. :- %
a+p
11. Ans. :- 1-aB
GROUP-B (4 marks)
Q.1. Prove —
Il 3 0
0! 3a’x—x 3tan"!
=Y oy - e
Q.2. Prove —
Lam-n _
tan F tan m+n_%
Q.3. Prove —

Q.4. Write in simplest form —

0 [lcos X —sin X[]

Eos X+ sin XH

Q.5. Prove —
sin” X+sin™' y =sin™ %(\/l -y’ +y\/1 -x*0

Q.6. If cos™ > X+ cos 1% =0, then prove that —

9% —12xycosO +4y* =36sin’ 8
Q.7. Solve for x —

tan” (2x)+tan™ (3x) = %
Q.8. Solve for x —
-1 Ox—1 |:| _||:| X+1J /

"B e T

Q.9. Write in simplest form —

sin”™' %«/1 —x =/xv/1 —ng
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Q.10. Prove that —
. (Jacos X —bsin X[ _1D

EbCOSX asin XH_ HE B

Q.11. Solve —

tan™ (2 + X) +tan”' (2 —X) =tan" %ﬁ

GROUP-B (ANSWERS) (4 marks)

GROUP-C (6 Marks)

Q.1. :- If the angle C of a triangle ABC be a right angle, Prove that

-1 a -1
tan —— +tan

b+c c+a
A, B, C respectively.

/ where @, b, € are the lenghts of the sides opposite to the angle

Q.2.:- If cos™ X +cos™ 226, Prove that —
a

X 2
— XycosQ+
a ab

Q.3. :- Prove that —

y =sin’ 0

_ x+1

n —
\/1+x2 \/x +2X+2

Q.4. :- Prove that —

D—\/_DHX x 77+1cos X
BVI+X++1-Xx5 42

Q.5. :- Write in simplest form —

=tan”' (X2 +X +1)

—v2 [

tan™ gsm BH—XH+ cos” D1+§2%
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6.:-P cot”' ok 10, _IDbC s +cot + ca+l =0
Q. rove — EFE EW Hec-&
Q.7.:-If sin”' x+sin” y+sin” z=11

Prove that X' +y* +Zz* +4x’y*Z’ —2(x Y’ +y* 7’ +7°X )

Q.8. :- Prove that—

L OyzO, . Oz
tan™' +tan™ +tan =
Dol Begr = B0 =7
where, x> +y* +7° =r?
Q.9. :- Prove that,

0 + U
cos! S XTCOs Y N=2tan" ﬁan5 an 22
+cos X[dos y[ 2 2 H

Q.10. :- If two angles of a triangle ABC are tan™'2 and tan'3, what is the third angle?

GROUP-C (ANSWERS) (6 Marks)

1. Ans. :- @2 =a’+b* : LHS. =tan'l =etcH

3.Ans. ;- [Hint - Put x =tan@ in first and X +1 =cot 6 in the Second term of the L.H.S., then

_ . o [tan8Q 2 Ocote O
L.H.S =sin™ !
- Eec 6 H+ eo8 osec QDH
=sin™' (sin@) +cos™" (cos ¢)
=0 +@

=tan"' X +cot” (X +1)

and then proceed

X+y

5.Ans. :-
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CHAPTER-3
Matrices

Key point
1. An ordered rectangular array of numbers (or functions) is called matrix. The numbers
are called elements (entries) of the matrix.

Varioustypes of matrices

(a) Row matrix : A matrix having only one row.

(b) Column matrix : A matrix having only one column.

(¢) Squarematrix : A matrix having equal number of rows and column.

(d) Diagonal matrix : A square matrix in which every non-diagonal element is zero is
called diagonal matrix.

I.e. A =[aij]nxn be a diagonal matrix, then aij =0 when i # j

(¢) Scalar matrix : A=[aij|nxn is a scalar matrix if aij = 0 when i # j, aij = k (k is
constant) when i = |.

(f) ldentity matrix: A= [aij] nxn is an identity matrix ifaij = 1 wheni = |, aij = 0 when
i £

(g) Zeromatrix : A matrix each of whose element is zero is called zero matrix.

(h) Comparablematrices: Two matrices A and B are said to be comparable if they are of
same order.

2. Operation on matrices:
(1) Additionof Matrices: if A= [aij] mxn and B :[bij] mxn then A+B =[aij +bij] mxn.
(i) Negative of a matrices : Let, A:[aij] mxn. Then the negative of A is the matrix
(-A) :[—aij] mxn obtained by replacing each element of A with its corresponding
additive inverse (—A) is called the additive inverse of A.
(ii1) If A and B are comparable matrices and K is scaler, then K(A+B) = (KA+KB)
(iv) If K, K, are scalers and A is any matrix then
(@) (K+K) A= (K A+K A)
(b) K, . (KA)=(K, .K)A.
(v) Product of matrices: Let, A= [aij] mxnand B= [bik] Nnx p be two matrices such that
the number of column in A equals the number of rows in B. Then, AB exists and it is an

(mxp) matrix, given by N
AB =[Cij] mx p where Cij = Y aij bik
1

J
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Transpose of a matrix : Matrix obtained by interchanging the rows and column.
Properties of transpose matrix :

(i) (A’ )1 =A (i) (KA) =KA' (iii) (A+B) =A' +B' (iv) (AB) =B'A
Symmetric matrix : A square matrix A is said to be symmetric if A' = A,

Skew-Symmetric matrix : A square matrix Ais said to be skew-symmetric if A =-A,
A square matrix can be expressed uniquely as the sum of a symmetric and a skew-
symmetric
matrices.

Let Abe square matrix, then we can write

A=%(A+A‘)+%(A—Al)

Elementrary operations of a matrix are permissible either on rows or on columns as
under :

(i) R« R or C o C

(i) R « KIR or C « KC

(i) R « R+R or C « KC,

9. (1) If A and B are two square matrices such that AB = BA =1then B is inverse of A and is

denoted by A

(1) Inverse of square matrix, if it exist, is unique.

ILLUSTRATIVE EXAMPLES

Example-1

2 30
IfA‘H 2H,prove that A> —4A2 + A =0

Solution:  We have

2 30

*B A

A =ALA
_@ 32 3
d 2 4

@2x2+3%x] 2X3+3 x2[]

“Hx242x1 13342 %2
7 120
3 79
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A= APxA

1212 3]
_54 7H
CIx2+12x1 7 X3 412 X2]
Hix2+7x1 4x3 +7 x2H
26 450

0
Hs 26H

26 450 07 121 02

OA -4A + A_HS 26H 4H EH

_[26-28+2 45-48 +3]

o1

“His-16+1 26-28+2H
o oo_
=3 o
Example 2 : Find 2x2 matix B such that
6 S0 Ol
5 ¢f° Ho 15
b

Solution : LetB_H: dH

6 Sa bl 011 O

Then we have B 6%c Q:HO 1@
E6a+50 6b+5b0 11

Y Ba+ec sb+ot Ho 1E

Compairing, 6a+5c=11 ... (1)
6b+5b=0 .......... (i1)
S5a+6¢c=0 ....... (111)
5b+6b=11 ... (iv)

Solving (1) & (ii) We get a=6,c =-5
Solving (1) & (i1l) b=-5&d =6

Hence B= H’ ;Sﬁ
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Example.3: Find a matrix X such that

2A+B+X =0
1 20 13 -2
Where A= B = N

B 40 0l 50
Solution : We have

2A+B+X =0
G oa g ,O1 DD I
H» sHH
_2 003 2
“He -HH+ H
M-3 —4+20 O0-1 =2

“He-1 8-sH B —15

Example4 : It A and B are symmetric matrics, Prove that (AB—BA) is skew symmetric

Solution : -+ A and B are symmetric matrics
OJA'=Aand B! =

(AB-BA) =(AB) -(BA)
=B'A -AB
=BA-AB(AsA =Aand B =B')
=-(AB -BA)
Thus, (AB-BA) =-(AB-BA)
Hence(AB - BA)is skewsymmetric

Now

MATRICES
GROUP-A (LMARKYS)

1. Construct a 2x3 matrix whose elements in the ith row and the jth column are given by
i+3]
2

_06 -3 .
[, show that A" doesnot exist.
TH2 1f

aji =

2.If A
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10.

11.

Using elementary row transformation, find the inverse of the following
2 -30

4 s
[cos®  sin 61 [Osin@® —cos @]
lif i
Simplify : Cosy H—sm cos QH+ - HHCOS 6 sin HH

Find X and Y, if
03 @

X+Y-@ Handx Y_H E

0 40 : . . )
If A= 3 P show that A— A" is skew symmetric matrix, where A’ is the transpose of

matrix A.
If A and B are symmetric matrices, prove that (AB — BA) is skew symmetric.

03 50

If A=2  0F, verify that (2A) =2A

H4 -64
Show that AB # BA

=10 02 0
= dB=
Bﬁ 35 s &

If A= BB is such that A’ =1
a2l

(a)1+a*+By =0  (b)1-a* +By =0
(c)i-a*-By =0 (d)1+a2 ~By =0
+j, if i

If A=y H, where a; = D‘Ja .

> i0
[, contruct a 3X2 matrix A.
20

GROUP-A (1 MARKS) (ANSWER)

Oy 7 5 O
1. Ans.: U A U

2. Ans.: 17@ ZH

554 A

=50
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a od

3.Ans.: E) 1H

5 0O 2 00
4. Ans.: X = LY =
H 4 "B {

10. Ans.: (¢)
2 -0
11. Ans.: % 4%
2 5H
GROUP-B (4 marks)
1.If A= Bl OE, then find K such that A> -8A + Kl =0.
ol 70
3 40 ,
2.If A= > find f(A), where f(X) = X* —5x + 7.
04 30
a 10 ot o
3.If A= [ prove that A" =1~ [forall positive integers n.
E Unl % 270
10
4.1f A=2gand B=[-2 -1 4], Verify that (AB)' =B'A'.
B35

5. Express the following matrices as the sum of a summetric and a skew-symmentric matrices.

3 50

3 -

6. Find X, y, z wif :
Ox 60 0 4 X+ Y]

01 2wd Hz+w 352%)2( \%

O —tan 0/
0 tanéD

0
dn%) 0 3

7. Let A= and I is the identity matrix of order 2. Show
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[¢osa —sinal]

that(l +A)=(1 —A
( ) ( )%ina cosa %
X = Ocos A sin A[J X1 = OcosnNA  sin NA]
8.If %—sin A cos AE’ prove that %—sin NA cos nAH’ nuN

9.1f | = d OE and E = 0 1%, prove that (aI +bE)3 =a’l +3a’bE.
9 17 0 0

10. Let A:Ei ;IE,B:E; jﬁandczg ZEﬁndamatrixDsuchthatCD—ABZO.

GROUP-B (4 MARKS) (ANSWER)
1. Ans. -7

15 —200
.Ans. :-
2 Ans Ho 151

B3 3000 27
5 Ans. :-
B -HH2 &

6.Ans - X=2,y=4,w=3,2= 1.
10. Ans.:- D 191 -1100

“H77  wf

GROUP-C (6 MARKS)
03 40

+1 2 10
1LIf Al = B—l 2% and B=[ ], then show that :—
0 IF ol 2 3g

(i) (A+B) =A' +B' (i) (A-B) =A -B'

2. A trust fund has Rs. 30,000 that different types of bonds. The first bond pays 5% interest
per year and the second bond pays 7% interest per year. Using matrix multiplication,
find how to divide Rs. 30000 among two types of bonds, if the trust fund must obtain an
annual total interest of (i) Rs. 1,800 (i1) Rs. 2,000.

3. Express the following matrices as the sum of symmetric and skew-symmetric matrices.

ML -2 —40
0 0
gl3 0 4p
Al -2 -3H
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O 2 1 0 2
4 1 a=p 089 cosOsin@l o _cosTg cos gain @

. . 0 , 1] then show that AB is a zero
[cosfsinf  sin“ 0 [j [cos@sin @  sin® @ D

matrix, provided (6 -¢) is an odd multiple of % .

. . 7 4 36
5. Find a 2 x 2 matrix N such that : g_ D D

Hs -sH Ho 3(%

6. In two families A and B, A consists of 3 men, 4 women and 5 children and B consists of
2 men, 3 women and 3 children. Expected daily expenses on lunch is Man—Rs. 45,
Women—Rs. 40, Child—Rs. 30 and on Dinner is Man—Rs. 50, Women—Rs. 30 and child—
Rs. 30. Represent the given information by matrices. Using matrix multiplication, compute
the total daily expenditures on lunch and dinner for each of the two families.

7. If A and B are square matrices of the same order, such that AB=BA, then prove by
induction that AB" = B"A. Further prove that (AB)" = A"B" for all n [IN.

0 n(n+1)0
0 1 10 g N .
8. If A= %) 1 IB, prove that A" =0 1 n ] for all positive integer n.
0
M 0 15 90 1 g
B B

9. Show that all positive odd integral powers of a skew-symmentric matrix are skew
symmetric all positive even integral powers of a skew-symmetric matrix are symmetric.

Ocosa sinal]

10. If A = Lsina cosgH Show that (A) =Ag, h=N.

GROUP-C (6 MARK S) ANSWERS

2.Ans.:- (i) Rs. 15000, Rs. 15000, (ii) Rs. 5000, Rs. 25000
N -3/ -3/0
il é 20
33 0
3.Ans. :- E_é 3 ! E
3 _
5% 1 3p

6. Ans. ;- Family A on lunch and dinner are respectively Rs. 445 and Rs.370. Family B on
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lunch and dinner are respectively Rs. 300 and Rs. 250.
CHAPTERA4

DETERMINANTS

Key point
Deter minant : To each square matrix A= [aij] of order N, there is associated a number

(Real or Complex), which is called determinants of square matrix A.
Deter minants: A matrix of order one.

Let, A= [a] be a matrix of order 1 x 1.

Then det A=|A| =|aj =a.
Deter minant of a matrix of order two:

&, a,0

Let, A= ) be a matrix of order 2 x 2.
1 Apf]
X
Then det A=|A=A= 8,74,
QA
=aq, @, —a, [@,

Deter minant of a matrix of order three:
Let, A= E:1][= N be a matrix of order 3 x 3

a, a, a,
Then, |Al=|a, a, a,
aBI a32 a33

There are six ways of expanding a determinant of order 3 x 3.

Properties of determinants:

a. The values of a determinants remain uncganged if its rows and columns are
interchanged.

b. If two rows or comlumns of a determinant are interchanged then determinant retains
its absolute value but sign 1s changed.

c. If any two rows or columns of a determinants are identical then its value is zero.

d. If each element of a row or column of a determinant is multiplied by a constant K
thenthe value of the new determinant is K times the value of the original determinant.

e. If each element of a row (or column) of a determinant is expressed as a sum of the
two or more terms then the determinant can be expressed as the sum of two or more
determinants.

f. If to any row or column of a determinant, a multiple of another row or column is
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10.

11.

12.
13.
14.

added, the value of the determinant remains the same.
Minor of a”.in |A|
The minor of an element a, in |A| is defined as the values of the determinant obtained

by deleting the i* row and j* column of |A| and it is denoted by M,.

Co-factor of &, in |A|: The co-factor A, of an element a, is defined as &, = (1) Mm, .
(1) A square matrix A is said to be singular matrix, if |A| = 0.

(i1) A square matrix A is said to be non-singular matrix if |A| * 0.

inverse of a non singular matrix A can be obtained by A™ = 1 (Adj A)

Area of triangle with vertices (X, Y,), (X,, ¥,) and (X,, ,) is given by

LR 1
=3k ¥ 1
X Yy 1
Matrix method to solve system of linear equations :-
ax+hy+gz=d,

a2X+b2y+CZZ :d2
ax+by+cz=d,

Then these equation can be written as
AX =B, where

@ b c¢O 0xa O
A= b o X=y. By d;
B b cH HE HH

Unique solution of equation AX = B is given by X = A [B, where |A|® 0.
A system of equation is consistent or inconsistent according as its solution exist or not.
For a square matrix A in a matrix equation AX = B.
(1) |A|* O, there exists a unique solution.
(i) |A]=0,and (adj A)B1 0.
In this case, the given system has no solution and hence it is in consistent.
(iii)) When |A| =0 and (adj A) B=0.
In this case, the given system has intinity many solution.
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ILLUSTRATIVEEXAMPLES

Example-1 : Without expanding, prove that

[(X+y y+z z+xJ

B z X y B: 0

A1 1 1 B
Solution : Let the given determinant be D. Then
X+y y+z z+X
A=| z X y
1 1 1

X+y+zZ X+y+zZ X+y+Z

A=| z X y (R ~R+R)
1 1 1

Taking (X + y + z) common from R

— < =

1 1
A=(x+y+2z)|z X
1 1

=(X+y+ Z) x0 (R &R, are identical)
=0.

Example-2: Prove that J+a 1 1 O

Bl 1+b IB:bc+ca+ab+abc
g1 1 1+cQ

Solution : The given determinant

Od+a 1 1 O

-0 U
H1 1 1+cd

Tacing &, b, ¢ common from R , R, and R, respectively.
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=abc |1

—_—
p—

Applying R ® R +R R,

=abc\l 1,1,

I
a b c a

O|l— o|—

Applyingc®c—c,andc®c,—c,

or, 1,1, .0

zabCBa+B+E+IH 0 0 1

Expanding by first row

=abc%+%+%+1§ 1 x

-1 1
0 -1

. o, 1.1 .0
_abCB:;+b+C+IH
_abCEbc+ac+ab+abcD
B H abc H
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=bc+ ac+ ab+ abc

Example :- Using matrices, solve the following system of linear equations :
3X+4y+2z=8
2y—-3z=3
X=2y+6z=-2
Solution : The given equations are

LetA=3 4 20 UxJ

0
%) 2 —3%, X:Bg,andB% %
H -2 6H =p2 H-2

So, the given system in matrix term is AX = B

Now |A] =13 4 2
0 2 -3
1 =2 6
0 10 -16
_0 2 -3][R -R-3R]
1 =2 6

=1x(-30+32)=210
So, A is invertible.
Now, The co-factor of the element of |A| are

All =6 AIZ =-3 A13 =-2
A,=28 A =16 A =10
A =-16 A, =9 AL=6

[ @adA)=06 -3 2006 =28 -6
Uog 16 105-LE-3 16 oU
0 0o 0
F16 9 6 H=2 10 60
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_ 1 .
Az TA (adj A)
. oo -28 -l60
-1 Hy 0
A =20 3 16 9 0
B2 10 60

[l x==2,y=3,z=1.

DETERMINANTS
GROUP-A (1-marks)

Q.1.If A is an invertible matrix of order 3 x 3. Then |adj A| is equal to
@) Al (D) AP (i) [AP - (iv) 3A]
Q.2.For a square matrix A of order n, [KA| is equal to

Q.3.If a, b, care in A.P., then the determinant

X+2 Xx+3 X+24
X+3 Xx+4 x+2Db| is
X+4 XxX+5 Xx+2¢C
10 (i) 1 (iii) X (iv) 2x
Q.4. Evaluate — | a+ib c+id
-c+id a-ib
Q.5. A is non-singular matrix of order 3 and |A| =—4. Find |adj A|.
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Q.6. Given determinant|a, a, a,|findthevalueof a,c, +a,c, +a,c,

Q) &, ay
8 &, oy

Q.7. Find the value of |A|, where A = [sin10° -cos10°

sin80° —cos80°

Q.8.If A and B are invertible matrices of the same order, then (AB)' =B'A™".
Q.9. Using the property of determinants and without expanding, prove that —

a-b b-c c-a
b-c c—-a a-bl=0
c—-a a-b b-c

Q.10. Prove that —

1 x xX*-yz
1y y-2z=0
1 z Z2-xy
GROUP-A (ANSWERS) (1 MARKYS)
1. Ans. :- (i1)
2. Ans. :- K" |A]
3. Ans. :- (1)
4. Ans. -2+ b2+ +d?
5. Ans. :- 16.
6. Ans. :- 0
7. Ans. :- 1
8. Ans. :- B'A™!
GROUP-B (4-marks)
a+l m n
— A2
Q.1 Provethat | | @+*m n =& (a+l+m-+n)
| m a+n
a a+b a+b+c
— 3
Q.2. Prove that — 2a 3a+2b 4a+3b+2c|=a
3a 6a+3b 10a+6b+3c
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: 03 10 . :
Q.3. Show that the matrix A= oD satisfies the equation A? —=5A+71 =0,
r U

Hence find A

-a*> yB ya
Q.4. Show that |98 —B° By|=4a’By
ya By -y
Q.5. Using matrices solve the following system of ............. equations :—
X+3 y + 47 =8
2X+y+2z=5

SX+y+z=7

Q.6. Using properties of derminants, prove that —

m, m, m, _ _ _
nonon :mpn(m n)gr; p)(p-m)
pcl pc;3 pc_;

Q.7. If x,y,z, are non-zero real numbers, then find A~! where,
X O O
A=lo y o
0O 0 Z
Q.8. Prove that —

atbx c+dx p+
ax+b cox+d px+q:(1 —xz)
u v w

cC T o
< o0
QO T

Q.9. Prove | x 7

2 2

y Z
y z

X 2

X

= wy2(x-y)(y-2)(z ¥

3 3

2 and verify that A(adj A)=|All .

1
Q.10. Compute the adjoint of matrix A= ‘3

GROUP-B (ANSWERS) 4 MARKYS)
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5. Ans. :-x=1,y=1,z=1
7.Ans.:-x!' o oO

o . .0
0oy’ 0g
Ho o z'H

10. Ans. :- adj A= Ez _fﬁ

GROUP — (6 marks)
Q.1.Ifab, & c, all positive are p™, q" and r'" teams of a G.P.

loga p 1
Prove that logh q 1=0
logc r 1
02 =30
Q.2. Find the invertible of the matrix, A= ] 0
o4 70
01 -2 10
. . -1 PR
Q3.IfA=F2 3 17, verify that (adiA)” =(adjA)
51 1 55

Q.4. Using properties of derminants, prove that —

D—a(b2 +c? —a2) 2b* 2c? 0

O O ;

O 3 _h(~2 2 _R2 3 O— 2 JR2 4R2

5 2a b(c* +a” —b?) 2c D—abc(a +b? +¢?)

O 3 3 (a2 k2 2\

A 2a 2b c(a +b” —-c )D

ab c
Q.5. If a,b,c are positive unequal, show that the value of |b ¢ is negative.
cab
1+a’ -b? 2ab -2b
Q6. Showthat—| 2ab  1-a’+b®  2a |=(1+a’+b?)
2b -2a 1-a’-b’

Q.7. The sum of three numbers is 6. If we multiply third number by 3 and add second
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number to it, we get 11. By adding first and third numbers, we get double of the second
number. Represent it algebraically and find the numbers using matrix method.

1+a 1 1 L1
Q.8. Showthat—| 1 1+b 1 :abc§+_+_+_m
a b c

1 1 1+cC
=abc+bc+ca+ab

(y+z)  x
Q9.Showthata =| Xy (x+2)° yz |=2xyz(x+y+2z)
Xz yz (x+y)2

a b aq +cC

Q10. Show that | p C ba +c| =0, if either a,b,c are in G.P. or O is a root of
ao+b boa+c 0

the equation ax’ +2bx+c =0
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GROUP - C (ANSWERS) (6 — marks)

2. Ans :— A 1 3%
2%‘ 20

7.Ans :— X=1,y=2,2=3

CONTINUITY AND DIFFERENTIABILITY

SYNOPSIS
1. Letf(n)be areal valued function on the subset of real numbers and let ‘a’ Ir any point
in the domain of ‘f”. Than f'is said to continuous at x=a if

lim f(x)= f(a)
X-a
1.e. the value of the function at x =a is same as limit of the function fas X - a
We can also say that f is continuous at x=a if
LHS = RHS = functional value
ata ata
lim f (x) = lim f (x) = f (a)

2. A function is discontinuous at x=a if
(1) f (a) doesnot exists (ii) lim f (X) does not existt (iii) Both exist but are not equal
3. A function f'is said to be continuous if it is continuous at every point in the domain of
‘7.
4. Let fand give continuous functions at X =a than
(a) a fis continuous at X=a
(b) f+ g is continuous at Xx=a
(c) f- g is continuous at Xx=a
(d) f.gis continuous at Xx=a

f
(e) g is continuous at n=a provided g(c)# 0

5. Differentiability at a point :
Let f (X) be a real valued function defined on anopen interval (a,b) and let c[J (a, b).
Then f (X) is said to be diffentiable or derivable at X=C if and only if

lim f(x)- f(c)
X—=C

exists finitely which is doneted by f'(c).
We can also say that f (C) is differentable at X=C
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LHDatX=C RHD at X=C
i fO=F© _ . f9-(0)

x-¢  X=C  x¢  X—C

: If a function at X =C is diffentiable, it is necessary continous at that point. But the
convers is not necessarily true.
Following are derivatives of some standard functions :

%(x“‘):n@”‘1

d
&(Const) =0

d _

&(K 0 (%) =K E';—n f(n)
d, .

&(Smx):Cosx
i(Cosx):—Sinx

dx

d
. &(tan X) = Sec’x

. %(cot X) = = CosecX’

. %(Secx) = SecXtan X

) i(Cosecx) = —CosecXx Cotx
dx

L (sinx) =

dx NIES'S
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15.

16.

17.

18. gy

19. gy

20.

21.

22.

23.

24.

25.

26.

d _d d
&[ f () £ g(x)] y f(X) * 9(x)

9 1100 100] = 00 (x) 900 I/ (Product ue)

d OfoO_ g9 BF (%) = (%) (%)
dx Fo(0 fa()

Chain rule :

Let y: f(u) and u = g(x) then % :%x%

Parametric differentiation :
If y=1(t), x=g (t) , t 1s a parametric then
dy_dy ok dy d

dx dt dt dt dx
Second order derivatives :

d hyO
If y=f (x) then i %%E is called second order derivative of with respect to X and is

2

dy
denoted by~ or f'(x).
If x="f(t), y=g(t), then
ey_d ()0, 400 (]
o¢  dxf ()5 dof(t) o

44
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27. If y=1f(x), g(x), u(x) and v(x) are function of x and D is determinant given by

NIeER
20970 v

Then,
d e |10 900,10 90
w200y v e (0 V()

{100 '), [T () 9(x)
U () V)| fu(x) v(x)
Similar results hold for the differentiation of determinants of higher order.
28. Rolle'stheorem :
If a function is defined in [a, b] such that
1)  fis continuous inversed interval [a, b]
ii) fis derivative in open interval (a, b)

iii) f(a) = f(b) then there exists at least one one ¢ [] (a, b) such that f'(c)=0.

29. Lagrange’'sMean Value Theorem : If a function is defined in (a, b) such that
i)  fis continuous in (a, b)

+

(c)= f(b)-f(a)

ii) fisdifferentiable in (a, b) then there existsc1 (a, b) such that f' b-a

ILLUSTRATIVE EXAMPLES:
1. Show that the function f(X) is given by

Y When x £ 0
f(x)= % is discontinuous X = 0
ge/x +1 Whenx=0

Solution : We have
LHL atx=0

lim— f (x) =lim f (0-h) =f(-h)

e o oh o 0-1
= lim 7 lim I = = -
h—~Oe h+1 h- 0 +1 0+1
R

and RHL at x=10

45



}1}51 f(x):lh1£18f(0+n

—_ N—
Il

S=

—

—

>

N

=lim — = ]
h-0 eA +1 h-o ey
h

so LHL # RHL
[] f(X) is discontinuous at Xx=10

2. Discuss the differentiability of f(X) = |x—1| + [X— 2|
Solution :
We have f (x)=|x~-1|+|x-2|

O-(x-1)=(x-2) forx <l
f(x)=mx-1-(x-2) forl<x<2
Ex—1+(x—2) for x =2

[F2x+3 , x <1
O
O f(x)=o 1 , l<x<2
52X—3 , X222
(LHD atx=1) =lim f(x)-f (1) :lim(_zx +3) -1
X1 X_l X-1 X_l
27D
X1 X_l
RHD at x=1) =lim 0= F ) _p 1=t g
( )
XHT x-1 nﬂ1+X—1

LHD # RHD

So f(X) is not differentiable at x=1

f(x)-f(2) i 1-(2x2-3) _

(LHD at x= 2) =lim im

X2 X=2 X2 X—1 X=2

(RHD at x=2) =lim )P 2624
xo2  X—=2 x-2 x—1 X=2

LHD ! RHD
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So f(X) is not differentiable at X =2

Remark : It should be noted that the function f(X) is given by

f(x) = [x-a | + [x—a | + [x-a,| + ---------- + [x—a | is not differentiable at
X=a,a,a,a,-------—- a
n d n
3. Ify= (X ++/x* +a’ ) then prove that N-_V .
adx /XZ +32

Solution : We have

ol 5
dy_n%erD” Qdﬁx+m

dy_ :r“ A (e a2\
n§<+\/x +a2 @+ m dx(x +a)§

- J Ef”
n%& X +a’ D Z—x+a

= n%h/xz +a2EP_ %-FWE

:n%%/ﬁaﬂ*@m%
|:| E X2+a2 E
1+l
n%h/x +a’ EP ny

\/X +a’ \/n +a’

+si -
1+sin X —n<X<I[

l-sinx’ 2

4. Differentiate tan™

47



Solution : Let ~ y=tan™

5. If x™y" = (x +y)™™ Prove that

Solution : XMyt = (x +y)™e
Take log on both sides
log (x™xy") = log ((x+y)™)
log x™ + log y"= (m+n) log (x +y)

diff wr+x
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On(x+y) —y(m+n)Ody

_(m+n)x -m(x +y)
i yx+y b

X (X+y)x

21

nx—my dy _ nx—my
y(m-yydx (m-y)

d_y
dx x
6. Verity the lagrangis mean value therum for the function :
f(x) = 2snx+ sin2xon [0, 7]
Solution :
Since sin 2x, sin x are every where continous and differentiable
U these f (x) = 2sin x + sin 2x is also continous in [0, 77] and differentable in [0, 77]

f(x) = 29nx+ sn2x
f1(x) = 2cosx + 2cos 2x
flo) = Oandf(mr) = 2sinm + sin2mr =0
_fm-1(0)
fl(x)= —2—~
0 ) m-0

2cosX=2cos2x=00 cos*¥ cos2x O
COS2X = —cos X
c0s 2X = cos(TT — X)
2x = £ 00(0,77) such that f (. D=1 (©)
3 m—-0
Problems for Practice
Section A (one mark)

JmC0S2X 20 atx =]

1. Discuss the continuity of f(x)=0 x

U
H=5 , x=0H
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10.

Find the derivative of X*

Find the derivative of log,,(sin X)

If Xx=at’, y=_2at find dy
dx

Find dy if y =log(cos X*)
dx

Find d if y=5logsin X
dx

Find the derivation of cos™(sin X) wrt X

Ify=x+xy+y’ =100findﬂ
dx
If a function is differecetable at every point it is (...) that ............... at that point.

Group B (4 marks)

Determine the value of a, b and ¢ for which the function

O

D:sin(a+l)x+sinx’ % <0
% X
f(X)=CF C , X=0 may be continous at X= 0
U
[ Vx+bx —/x
=—F , X>0
H X
Let f(x)=1_00254x, <0
=a xX=0
Jx

N7 x>0
V16 +x -4
Determine the value of ‘a’ if possible so that the function is continuous at X=10
dy . L0 Sinx [

Find — if Y=tan ma

dx '

dy .
Find ax ify=¢€ log(szx)

. dy . Cox
Find ax if XtanX+(SnX)
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

Find 2 if y=tan™ 5 X
%0 ! D\/l+x+\/ D

d
Ifx=a(Cos6 + 6 Sinf), y=a(sin6 — 6 cos@) then find &

dy _log
Y — Xy
If X =€ PTd /(1+10gx)2

If x= (COS@ +log tan %) ,

dx

=7

d’y _Qdy [f
If (a+ bx)% = x then prove that X dle = de—i—

XZ 2
If 2+
a

_ d’y _ _p
F—l ST W‘ Azy3

If y:(tan‘1 x)2 prove that (1+X ) (tjjxy +2X(1 +X )% =2

d Ox
Prove that —_ ax %V s +—S1n I—D—V -x*

2

_— dy . dy (o 2y =
If y=e™Sinbx then prove that o —Za&+(a +b )y =0

1 d
If yZ&Jfﬁ show that 2Xd_3</+y:2\/;

2

If y=Ae™+Be™ prove that (; y ~(m+n) gy+mny =0
X’

X

dy CosX

If yz\/gnx+moo provethat dX 2y 1
dy  sinb

If sin x = ysin (x+b) show that " sin® (x+b)

3at 2at’ d’y
e — X:
If Y=o, X=1 -, find -

a) Verify the Rolle’s theorem for
i) f(x)=x-5x-3xin[l,3]

ii) f(x)=x"in(-1,2)

b) Verify languages Mean value theorem for
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10.

2.

3.

i) f(x)=x-5x"-3xin[l,3]

ii) £ (x)=x(x=1)(x-2) on [ 4

GROUP-C (6 MARKS)

2
d y+ﬂ—0

dx*  dx

1
If x=logtand Y= T then prove that

2
d y—xﬂ =2
dx dx

Ify= (Sin'1 X)z, prove that (1 - xz)

d’ .
If y=cot X +cosecx prove that (1-cos X)2 Ky =sinX

d’y _.dy
— 72X X — 2 -5—-2+6v=0
If y =3e™ +2€* then prove that e X y

If 3cos(log x) +4sin (log ) prove that X?y, +xy, +y =0

1—sin2Xx dy ,r O
—+sec -xA=0
show that HZ H

Ify= 1+sin2X dx

If y=(log X)2 then prove that x>y’ +xy =2
— - d’y d 2
If y=€"tan™' x then prove that (1+XZ)W—2(1—X +x2) %x +1-x)"y =0

If f:[-5,5] - R is differentiable function and f'(x) does not vanish everywhere

prove that T (=5)# f (5).
Does there exists a function which is continuous everywhere but not differentiable at

exactly two points? Justify your answer. (hint F(X):[x=1] +|x —2|)

ANSWERS
GROUP-A (1 MARKY)

f(x) is discontinuous at X = 0.

- 7 [Bos X
sin Xlogg

X* (1+log )

52



4,

10.

© N

A

t

ZX(—sin Xz)
cos X

Slogsin X [¢ot X
-1

d dy/ o d
2xex W ryaray g z00 Y (x 25— (2x )

d%xz _(2x+ )%(+2y)

dy__y
dx X
Continuous

GROUP-A (AMARKYS)

a:%, b =any value (#0) and ¢ =%

a=3g
_1
2
e [3logsin x+2cot 2x]
Ccos 2 . : |:|
xtanx JanX sec’ og xD+ (sin X) " Ebo.six —sin X [lbg sin X
H []s1n X O
1
241-%
tang
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APPLICATIONSOF DERIVATIVES

SYNOPSIS:

. If a quantity y varies with another quantity ‘X’ satisfying some rule y = f(X) then %

d
represents the rate of change of y w.r.t. X and d_y at X = X_represent rate of change of y
X

w.r.tXatXx= XO.

. A functions f is said to

a) Increasing on an interval (a,b) if x, <X, in (a,b)
O f(x3 f(x) forallx,x, O(ab)
Alternatively, if f'(x)=0 for each X in (a,b)
b) Decreasing on (a,b) if X, <X, in (a,b) [1 f(x) 2 f(x,) forall x, x, O (a, b).
Alternately, if f'(x)= 0 for each xin (a, b).
. The equation of the tangent at (X, y ) to the curve Y= f(X) is given by
V=Y, = J6. ) (xx,).
If % doesn’t exits at the point (X0, yO) then the tangent at this point is parallel to the

X

y-axis and its equation is X = XO.

. Iftangent to a curve y = f(X)at X = X0 is parallel to x-axis then gy

P at X=x0=0).

. Equation of the normal to the y=Tf(X) at a point (X,Y,)is given by

1
Y=Y, = (X=X,)
dx
Ay(xo,yo)

d ) ) ) )
It d—y at the point (X0, Y0) is zero then the equatiuon of the normal is x = xo.
X

. Let y=f(X),Axbe a small increment in X and Ay be the increment is y corresponding
to the increment is X is Ay= f(x+Ax)—f(x) then dy given by dy=f'(x)dx or
dy = %ELAX is a good approximation of Ay when dx= Ax is reclatively small and we

denoteby dy [Ay.
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9. A point Cin the domain of the function f at which either f'(c)=0 orfis not differentiable

is called a critical point of f.

10.First derivative test : Let f be a function defined on an open interval 1. Let f be a
continuous of a critical point ‘C’ in I. Then

i) If f'(x) changes sign from positive to negative as Xincreases through ‘¢’ if f'(x)>0
at every point sufficiently close to and to the left of c. and f'(n)>0 at every point
sufficiently close to and to the right of C. then C is a point of local maxima.

ii) If f'(x) changes sign from negative to positive as X increase through c. if f'(x)<0
at every point suficiently close to and to the left of ¢ and f'(x) >0 at every point
sufficiently close to and to the right of C. then c is called point of local minima.

iii) If f'(x) does not change sign as X increases through c then C is neither a point of
local maxima nor a point of local minima. Infact such a point is called point of

inflection.

Second derivative test :
Let f be a function defined on an internal I and ¢ 00 I. Let f be twice differentiable at
C then
i) X=cis a point of local maxima if f'(c) =0and f’"(c)<0
ii) X= cis apoint of local maxima if f'(c) =0and f*(c)>0
in the above f(C) is called local maximum/minimum
iii) The test fails if f'(c)=0 and f’(c)=0 in this case we go back to the first derivative

test and find whether C is a point of maxima, minima or a point of influection.

Absolute Maxima/mimimun in closed interval
i) Find all critical point of f in the interval find points X where either f'(x)=0 or f is
not differentiable.
i1) Take the end point of the interval.
iii) At all these points calculate the values of f
iv) Identify the maximum and minimum values of f out of the values calculated step 3.
This maximum values will be the absolute maximum of f and the minimum valve

will be the absolute minimum value of f.
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ILLUSTRITATIVE EXAMPLES

1. Sand is pouring from a pipe at the rate of 12cm?/sec. The falling sand forms a cone on
the ground in such a way that the height of the cone is always one-six™ of the radius of

the base. How fast is the height of the sand cone increasing when the height in 4cm?

Solution :
Let ‘r’ be the radius ‘h’ be the height and v be the volume of the sand cone at any time ‘t’
[P PR 3 v
v=—mr*h==mn{36h" )h =12 7h
then, 3 3 77( )
Yo seme g AL
dt dt dt 3mh
h
%at(h :4) :ﬁcm/sec
A 0 B

Efs % =12cm’ /secﬁ

1
Thus the height of the sand cone increasing as the rate of mcm/ sec.

2. If the radius of a sphere is measured as 9cm with an error 0.03cm, then find the
approximating error in calculating its volume.

Solution :

Let ‘r’ be the radius of a sphere and Ar be the error in measring the radius.

Thenr =9cm, Ar =0.03cm

Let V :§m3

dv

a:4m2 atr=9 [ 4" 9° =324rm

Let Av be the error in vV due to error Ar inr then,

AV = %mr =324 x770.03 =9.72 rcn’
r
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3. Show that the curves x=y? and Xy = K cut at right angles if 8K* =1

Solution :
The given curve are X = y? ----------- (1) and Xy = K --------mmmmmm- (i1)

From (i) and (i) we obtain y* =K 0 y =K
2 1
So the two curves intersecs at the point P (KA , K/ ) differentiating (i) Wt X we get

dy —dy 1 Cdy [ 1
1=y o 2L g —
Yo~ o 2y o Bd_XEP 2K

differentiating (ii) wrt X we get

dy _ dy [dy [

1W+xY=on K- % p

y dx dx X ak B&H
_—K%_ 1
Tk

For the curves (i) and (ii) to cut at right angles at P.
We must have m m = —1

K5 . | .
——x——=-10 2K’= 1 cubeing on both sides we get 8K*> =1
5k

4. Find the intervalsin which f (x)=(x+1)’(x-3)’ is increasing or decreasing.

Solution :
We have,

f ()= (x+1) (x-3)
fr(x)=3(x+1)" (x=3)" +(x +1)’ [x -3)’
fr(x)=3(x+1)" (x=3) (x +1 +x -3)
For f(X) to be incresing we must have
=f'(x)>00 6(x 1) (x 1)(x 3)> 0
O(x 3 0 (-.-6 x 1) (x 3)> o)
X>1
x O (I )

[] f(X) is increasing on (1, o)
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For f(X) to be decreasing we must have f'(x)<0

6(x+1)" (x-3)"(x-1) <0
(x=1)<00 x O Oxeo( 1)
[] f(X) is decreasing on (—¥, 1)
. Find the volume of the larger cylinder that can be inscribed in a sphere of radius rem.
Solution :

Let ‘h’ be the height and R be the radius of the base of inscribed cylinder. Let V be
the volume of the cylinder

Then, V=nR*h - (i)
In AOCA we have

-—/
=r —%5+R h/2
O R:E r2 L 0
4 r
, h2
V= 7T[T -h—gh
C A
=m*h-p
4
2 2
dv m2_3nh andd\;:—ﬂ
dh 4 dh 2

For maximum or minimum values of V we must have
2
%_omm 3—Zh= o # EH-on 2

3 NE)
2 —
dva’I 3r [ T <0

arH' " BH B
2r
Thus V is maximum when h=—
J3
2
Put h=== in R*=r? —h— we obtain R’ :Qr
\6 4 3

The maximum volume of the cylinder is given by

,0O2r O 4rr?

VEmRh=re =T
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PROBLEMSFOR PRACTICE
GROUP-A (1MARK QUESTION)

. The radius of a spherical air bubble is increasing at the rate of 0.5cm/sec. At what rate is
the volume of the bubble increasing when its radius is 1cm?

. An edge of the variable cube is increasing at the rate of 50cm/sec. How fast is the
volume of cube increasing when edge is 10cm long?

. 1 +sin X m
. Find the slope of normal to the curve Y = < at X=—
COS

. Find the point on the curve y=2X*>-6x—4 at which the tangent is parallel to X—axis.
[ a’0
. Find the equation of the tangent to the curve /x+./y =a at the point E’I’TD
. Find the approximate value of /3.

. If the radius of a circle is increased from Scm to 5.1cm find the approximate increase in
area.

. Prove that the function f(x)=x’ +x* +x +1 does not have a maxima or minima.

. Find the equation of the normal to the X7 + y% =2at (1,1).

GROUP-B (4 MARKS QUESTIONS)

. Find the equation of the normal to the curve X* = 4y which passes through the point
(1, 2).

: : X Y : : :
. Find the point on the curve vy +2—5 =1 at which the tangents are (i) Parallel to x—axis
(11) Parallel y—axis.

. Find the point on the curve y=x’-11x+5 at which the tangent has equation y = X-1.

. Show that a closed right circular cylinder of given surface area and maximum volume is
such that its height is equal to the diametre of the base.

. Find the absolute maximum and absolute minimum value of the function

f(X)=2cosx+x, x0(0,m).

. Itis gives that at X =1 the function f (x)=x"-62x’ +ax +9 attains its maximum value

in the interval (0, 2). Find the value of a.
. The total revenue received from the sale of X units of a product is given by

R (x) =3x* +36x +5. Find the marginal revenue at X=5.

. Find the intervals in which f(X) = sinX— cosX () < x <277 is increasing or decreasing.
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9.

Show that the function f is given f(x)=tan™" (sinXx+cosX) X > 0 in always increasing

]

function in ﬁ),— .
45

N
10. A particle moves along the curve Y = 3 x’ +5 _ Find the points on the curve at which

9.

y—coordinate changes as fast as X—coordinate.

GROUP-C (6 MARKS QUESTIONYS)

. Show that the semi vertical angle of the right circular cone of maximum volume and

given slant height is tan™ /2 .
Show that the surface area of a closed curboid with a square base and given volume is
minimum when it is a cube.

. An open box with a square box is to be made out of a given quantity of metal sheet of

3
area c2. Show that the maximum volume of the box is % Nl
Show that semivertical angle of right circular cone of given total surface area and

) |
maximum volume is sin ‘%ﬁ

. Prove that the volume of the larger cone that can be inscribed in a sphere of radius R is

8
Iy of the volume of the sphere.

Show that the volume of the greater cylinder which can be inscribed in a cone of height
4
‘h> and semivertical angle a is Eﬂfﬁ tan” Q.
Show that the height of the cylinder of maximum volume that can be inscribed in a
. .20
sphere of radius 10cm is —=cm.
P N

A grinder is in the form of a rectangle above which there is a semi circle. If the perametre
of the window is p metres. Show that the window will allow the maximum possible

light only when the radius of the semi circle is cm,

m+4
An open box with square base is to be made out of a given iron sheet of area 27 sq.cm.
Show that the maximum volume of the box is 13.5cu.cm.

10. Given the sum of the perimetre of a square and a circle show that the sum of their areas

is least when the side of the square is equal to the diametre of a circle.
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ANSWERS
GROUP-A

271‘3"”34eC

1500 cm?/sec.

O -1 0O

D +20
-170

5525

2X + 2y = a’
6.083
T sg.cm

X—=y=0
GROUP-B
X+y-3=0

(0,£5),(+2,0)
(29 _9)

max atx =" is g+\/§;min 5?”—\/5 at X=5%T

120
66

(0 377) H_ 2nH
(07)

a1 310 N

ng 0190
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PART- I
INTEGRALS

SYNOPSIS:
. Iff(X) is derivative of a function g(X) then g(X) is known as antiderivative or integral of

f(x)
|e—(g(x) )=1( If x)dx = g(x

. Derivative of a function is unique but the function can have infinite antiderivative or
integrals.

. I f (x)dx = g(x) +c, where Cis a constant of integration is known as indefinite integrals.
. Idx =X.

.IcD‘ dx cqf

. J’{f(x +g( x)} dx:J’f (x)dx =cF (x)dx

SOME STANDARD INTEGRALS

Xn+1 ) )
. J’ cax = e +C, N # -1 nis a rational number.

(ax+ b)n+l
a(n+1)

. In case of rational function if degree of numerator is equal to greater than degree of
denominator then first we devide numerator by denominator and write it as

+C

. J(ax+b) dx=

Remainder

r_ Quotent + d then integrat
- = - an €n 1ntegrate.
Dr Denominator g

10. Isin xdX = —cos X +C
11. Icostx=sinX+C

12. Isecz Xdx = tan X +C

13. J’cosec2 Xdx = —cot X +C
14. J’sec Xtan xdX =sec X +C

15. Icos ecxcot Xdx = —cos ecxdx

16. Itan xdx =logsec X+C or —logcosX+C

17. Icot xdx =logsin X +C or —logcosecX +C
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18. J’sec xdx = log|sec X +tan x| +cC

19. Icosecxdx =log |cosecx —cot x| +C
1

20. I—dx =logx+c
X

X

+C

a
a‘dx =
21. oga

22. J’cxdx: e +c

1 . X0
23.J’mdx=sm IB§H+C

- OxO
24. Ia vz dx——tan IBEHH:

25 I L dx = lsec‘I XL, o
Joxx-a? a $B

1
dx =log|x ++/a*> +x*| +c
2”@ °g
1 X—a
dx——l +C
27[ ]
1 1 a+Xx
dx=—7Io +C
28'o[az—x2 2a ga—x

2
29. ‘[x/a2 - x*dx :gxlaz -x’ +a?sin‘I Xic

a

2
30. J’x/a2 +x2dx=§\/a2 +X +a710g‘x +/a> +x’| +c
2 2
31.J'\/x2—a2dx=x7\/x2 -a’ —%log‘x+ x> —a’| +c

32. I f(x)(x)dx=f ( Ig (X)dx — I( Ig dX)dX this is called integration log parts.
33. Iex B (x)+ f'(x)gdx =e*f (x) +c
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34.To make ax® +bx +c as a perfect square, first note that coefficient of X* should be one
and positive.

35.Integration by partial fraction :
First we must that the degree of numerator is less than degree of denominator, if not
divide numerator and denominator and write it as —

Nr . Remainder . . ) Remainder
—— = Quotient +———— and perceived for partial fractions of ————— .
Dr Denominator Denominator
1) When factors is denominator are linear and non repeated.
P(x) A B C
+

(x+a)(x+b)(x+c) x+a x+b + « +c Where A, B, C are to be defeussed.\

1) When factors in denominator are linear but repeated
P(x) A B C
. = + =+
(x-a) (x+b) x-a (x-a) x+b
111) When factors is denominator are quadratic, non repeated
P(x) __A  Bxtc
(x+a)(x’+b) x+a x +b

ax+b
iv) To evaluateIPx+—qx+r dx

We write ax+b = AE(PX2 +0X +r)B
dx

Some Special Integrals:

dx put ./
1) Iax+b)\/o<—+ put \/cx+d =t

1

ii) j —dx, j X, j —dx
a+Dbsin x a+bcosx acos X +bsin x

2

. . ) 2t
In this case write sin X = e COS X =

1 +t?

where tan % =1 and proceed to perfect square.

FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS:

i) Let f(X) be a continous function on the closed interval [a, b] and let A(X) be the area
function then A’(X) = f(x) for all x O {a, b}
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i1) Second Fundamental Theorem of Integral Calculus:
Let f be a continous function on the closed interval (a, b) and g(X) be the antiderivative

offthenJ’ f(x)dx=g(b)-g(a).
PROPERTIESOF DEFINITE INTEGRALS:

1) J’ X)dx =0
i) I dX__I f (
iii)If(x)dx:}f(x)dx+ff(x)dx a<c<b

iv) J':f x)ax= [ f (a+b-x)d

QD

QD

vi) IOZ f (x)dxzj'o f (x)dx +I0 f (2a-x)dx
vii) [ (x)dx:2J’0af (x)dx, if f(x)f(2a-x) =f(x)
V111)J’ x)dx=0 if f(2a-x)=-f(x)

ix) I f (x)dx= 2I f (x)dx if f(x) is even function f (-x)=f (X)
= 0 if f(X) is odd function f(=X) = — (X)

INTEGRALSASALIMIT OF SUMS:

[, ()ax=limh{f (x)+  (a+h) +£ (@ +2h) +.oooor. +a #(n -1)h}

b-a
where h=——
n

The following results are for evaluating questions based on limit of sums.

) 1+2+3+ .. +(n_1)=3(n_1):@
11) P+2%+ i, +(n —1)2 = Z(n _1)2 _(n—l)n6(2n—1)
iii) 1P +2" +o +(n-1)" =3(n 1)’ _E( —l)nD2

O 2 0
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-1
iv) a+ar+ar’ +...cccoooveerennnee. +ar"! =% (r #1)

36. The value of definite integral of a function over any particular interval depends on the
function and the interval, but not on the variable of integrators that we choose to represent
the independent variable.

If the independent variable is denoted t or Sinstead of ‘X’. We write —

J' f dt orJ’ f ds instead of J’ f dx Hence variable of integration is called

dummy variable.

ILLUSTRATIVE EXAMPLES

Emaple-1: fsin3xcosxdx = %_[2 sin 3Xcos dx

I(sm 8X —sin 2X) dx

0 cos8x ,.cos ZXD +e

H s 2

Example-2: Isec X tan xdx put secX = t, secx tanxdx = dt
4—-sec’ X

1
2
1
2

dt — sin”! OtOd
|y BEB
_; Csec xO

=sin BTH+ C

Example-3: j T2k, put x=at’ 0 dx 2atdt

at at

x 2atdt —ZaI\/1+t dt
=222V +Liogh T e

/ x [ xDB
—Za[-l—\f 1+ +— 1g\ﬁ+ 1 +=[]+c
a a@
=+ax 1+§+alog\/g+,/l +X
a a a

|

+C
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Example-4 : Evaluate I € sin 2xdx

Solution :

I= sin2X£—J‘2c0s2X ﬁdx
3 3

édxg
3.0

= %e“ sin X —% %os 2X ﬁ; —J'( -25sin ZX)

13 (= (3sin2x—2cosZX)e3X

g g

X

=%(3sin2x—2cosZX) +C

1
Example-5 : Evaluate I%dx
(x-a)(x-b)

Solution :

3X+2

Example-6 : Evaluate J’W X

Solution :

3x+2 = A + B
I(x—l)(2x+3) x=1 2x+3

3x+2 =A(2x +3) +B(x -1)

on comparing 2A+B =3, 3A-B =2

on solving for Aand Bwe get A=1,B=1
Substitute and integrate we get

3x+2 1
I( (2x+3) I—dx+I2X+3dx

= log|x—1| +%log|2x +3| +C
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Example-7: I(\/tanx ++/cot x)dx
Solution : I(\/tanx+\/cotx)dx

Let tanx=t* 0 x*tan™" (tz)

2t

dx=1+t4dt
g 2t
Iﬁ tH t* +1
t? +1
_2It
=2 1+t12 dt
@ O
H Lett— =

=2t -'ﬁanx—l ﬁﬂ:
\/_an \Etanx

Example-8 : Evaluate IOZ (2x+3)dx as a limit of sums

J’(2x+3)dx herea=0,b=2, h=2"20 nk 2, f(x)=2x+3
n

=limh{f (x)+ (0 +h) +(0 +2h) +............ +#(0 +n 2h)g

=limh[3+(2h+3) +(4h +3) +.ccven +2(n -1)h 435

=lmhRR(I+243 4o +n 1) +3rg
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= hmh%ht—lmﬁngzlim nh(nh —h) +(3nh)
-0 g 2 o h-o
=2(2-h)+6 =4 +6 =10
Verification :

2

f(zx+3)dx:%i+3x§ =446 =10
0 02 0,

Hence verified.
Example9 : Usi tties of definite integral evaluate [-— X
: Using properties of definite integral evaluate _
P & Prop g -[0 cos? X +sin” X
)
X )
/zde )
0 cos® X+sin? X

Using J'Oaf (x)dx:J'Oaf (a—x)dx

sinan—XDdX
_h 5 _%cosxdxdx
_IO sin DIT_XD+0082D % 0 sin”+ cos® X
B H T H2

By adding (i) and (i1) we get —
o= I/Zcos X +sin’ Xd J,O%l aix =%

CcosS X+sm X

1:%

QUESTION FOR PRACTICE
GROUP-A (1 MARKS QUESTION)

5 ]
—2 LA
1. Evaluate I(7—3X)3 Ans. : QA 6(7—3X)2 +Cﬁ
2. Evaluate J' tan? xdx Ans. : (tanx=x+c): A
‘x (3e)
3. Evaluate J'3 e dx Ans.: ——+¢C
log3e
1 logx)

1
4. Evaluate I Ans. : 5(1 +logx)’ +c
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5. Evaluate [log xdx Ans. : (xlog x=Xx+c)

A 16 0

6. Evaluate J'x(4+x)% dx Ans. : $(4+x)% 5 (4 +x)% +CH
_ 01 1 o
7. Evaluate IX(X7+1)dX Ans. : B;log 1+X— +CE

8. Evaluate J’secx[ﬂsecxﬂan X)dx Ans. : Hog(secxﬂan x)2 +CE

1
9. Evaluatef /(2 —x) -3 ox Ans. : ~log

10. Evaluate [€" (sinx+cosx)dx  Ans.: & Einx+cH

2-x+,/(2 —x)2 =3|+c

GROUP-B (4 MARKY)

Evaluate the following integrals :—

1 0l 1 1 0
d . - - 2
1. Isinx(2+cosx) X Ans.: Eglogﬂ cosx| 210g|1 +cosx|+3log|2 +cosX| +CH
11x+8 1 Il
2. J’mdx Ans.: ﬁogIXI-;-10g|3X+8I +eg
1 0 2 0
— X ) -
3. I(x+l)m Ans.: B! 1 +C
4. IO%\/1+sin2xdx Ans.: (1)
dx 1 tan Dx —ID 1 |x - x+1|
B by Ans.: 57 sz/_m 4\/_ ‘x +\/_x+1‘
2
6. IXCOS_I xdx Ans.: X?cos X+4§m X=Xyl =X D+c
7 ;dx Ans.: llog(x2 +1)+l‘[an_1 X—llog|x +1| +C
’ Ix3+x2+x+l T4 2 2

—1 0! Leotx—10 1 |cotx—\/ZCosX +1|

8. I cot xdx Ans.: B\/2cotXH 2\/_ ‘cosx+\/2cosx+1‘

70



H
t X +4Ddx
9. I %og CO (cot X) g

10, J,tanx@ec de
1—-tan® X

11. J'excosecx (1 —cot X) dx

Xez X

12. Im

13. I\/xz +8X +4dx
14.

X tan~ 'x
1+ X

dx

dx
5. I\/x+a+\/x+b

16. Icosecx log (cosecx — cot X) dx

17. tan™
1+X

18, [ |2
19 I(exlogh +ealogx +ealogh)dx

sin(x—a)

sin (X+ a)dx

20. [

« 1l —sin X[

21 I E_COSXHd

[ +sin Xcos X[
e dx
22. I cos® X H
sin X cos Xdx

) Isin2+ cos’ X

Ans.:

Ans.:

Ans.:

Ans.: —

Ans.:

Ans.:

Ans.:

Ans.:

Ans.:

Ans.:

Ans.:

Ans.:

Ans.:

Ans.:

Ans.:

xlog (cot X) -

+C
cot X

%llog (1 —tan’ x) +cC

€*cosec +C

1 e
+

41+2x

+
XT4\/X2 +8X+4 —6log (X +4) +y/X* +8X +4 +C

Xtan™ X—%log (1 + X2)

2
3(a-b)

Hog (cosecx —cot x)@2
2

+C

Ecos_1 X—l 1-x° +¢
2 2

—acos” ﬁgﬁ+ vai =-xt +c

X a+l

a X
+
loga a+l

+a’ [X+c
—cosalsin™ os XD—sin alog
Eos aE
« X
—€ cot—+C
2

etanXx+cC

%tan_1 (tan2 x) +C
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sin X+ cos X

|\/§+SlnX COSX|
4. o5
sin” X+cos”™ X

‘\/g Sll’lX+COSX‘

dx Ans.: tan” (sin X —cos x) + G 1

XX +2 2 Ox O
25. I((XZ +3))((x2 +4§ ox Ans.: X+$tan'1 B%H_3tan_l g +C
: dx 1
26.,[0082 X(l—tanx)2 Ans.: 1—tanx+c
X =
Ans.: —log‘x —9‘+—log T3 +C
28.J’xlog(x+1)dx Ans.: 710g|x+1| (x 1) %log|x+1| +C
\/x2+1Hog(x2+1)—2cost 0 - »0 O
. —_— —_ 1 =
29'.[ v dx Ans,.% 3 ﬁ+ H oga +_ZE 3H+CE

1 dx 1
30. Icos(x+ a)cos(x+b) Ans.: sin(a—b)

{logsec(x+ a) —log(sec X +b} +C

GROUP-C (6 MARK QUESTIONS)

sin 20 orrQd
L. IO sin* @ +cos* Gde Ans.: HEH
9
2. [ s #f # -1 Ans.: (350
n X O O
3. IO azcoszx+bzsinzxdx Ans.: ab%

4. I?(W+M)dx Ans.: (Trﬁ)

5. Prove that J’Oa f (x)dx = J’Oa f (a-x)dx and hence prove that IO%Sin—de = %

sin X+ cos X

7

6. IOZ

7. Evaluate the following limit of sum.

. 0m, .0
log sin xdx Ans.: H_EIOgZH

a) J'03(2x2 —5)dx Ans.: 3
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4 27

b) Il(x2—x)dx Ans.:;
20

c) IOZ(X2+X+1)dX Ans.: 3

3 118
d) IO (2X2+3X+5)dx Ans.: 3

e el
e) I_le dx Ans.: € o
f) J'(x+e ) Ans.: 1526

- -1 1 _ )

. J,sml X - coslx/7 Ans.: 2(2X l)sin_l X+2 X=X x4C
Sin X +cos \/_ T T
/Ds1nx+cosXD -Ll 9

I 5+16sm2XH Ans.: 40 08
m  Xtan X w

o seoxrtanx ™ Ans.: 5 (m2)
3 3 1

11.If|Xsinnx|dX Ans.: —t—
sin 2X [dos 2xdx 1.

12. Im Ans.: —Sll’l COS 2XE+C

4dX 2
A X Lo 1 R

13. I X 1)(X _,_1) X Ans.: 7+X+§log|x 1| Zlog‘x2 +1‘ Etan1x+c
n

14. ‘FOg(HCOSX)dX Ans.: —TTlog?2

X .
15. J’e""X sin bxdx Ans.: m(asmbx—bcosbx)+c
ANSWERS
5
L 6(7-3%)

2. tanX—X+cC
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10.

X
(3e) .
log3e

c

%(1+10gx)3 +C
xlogX—Xx+cC
g(4+ X)9/ —15—1(4 +x)% +C

1

1
7log I+—+cC

X

log (sec X+ tan X)2 +C

—10g‘2—x+w/(2 -x)’ -3

€sinx+cC

+C

FOR GROUP-B

élog|l —Cos X| —%|1 +cos X| +§10g|2 +cos X| +C

log|x|—l—log|3x+8| +C
X

/ 2
l-——— +cC
X+1

1

1 tan_IDXZ_ID—ll X =2x+1|
W2 Bz 2

X +\/_x+1
2
X?cos‘1 x+i(sin‘1 X—xv/1 —xz) +C

1 1 _ 1
—log(x* +1)+—tan"' x ——log | X +1]| +C
2 g( ) 5 5 g X+l

0! Ucotx—10 |cotx—\/2cotx +1|

l\/2cotXB 2\/7 ‘cotx+\/2cotx+1‘

Xlog (cotx) - +C

cot X

74



10.
11.

12.

13.

14.

15.

16. 3

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

—%log (1 —tan’ X) +C

€ cosecx+C

eZX

4(1+2x)+C

%4\/% +8x+4 —6log (X +4) +/X*8X +4 +C

Xtan™ X—%log (1 +X2) —%(tan_1 X)2 +C

2
3(a-b)

Oog (cosecx — cot X)D2

gx+ a)% -(x +b)%D+c

B

O

2

2

X 1
—COS  X——
2

g +c
O

1-x* +¢

—acos™ ﬁg% Jai-x* +c

a.X
+

loga a+l

. cosxd . . ; :
—cosaldin™ %blc—ﬁ— sin a[[bg‘sm X +4/sin” X —sin’ a‘ +C
osa

a+l

+a? X +c

—excot%+c

€ tan x+cC

%tan_1 (tan2 X) +C

tan™ (sin X —Cos X) + ! log

2

X+—tan

1 —tan X

+C

|\/§+smx cosX| N

2\/_ ‘\/_ smx+cosx‘

S Ux O

BTH_3tan —+C
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1
27.7,
28. %

2
29.

30.

—31 13&@0%1 I0 zﬁﬂ

W;_b){logsin(x+ a) —log (sin(x +b)}

FOR GROUP-C

w2

90

H2H
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1
—log9
9 20 g
m
—(mr-2
10. 2( )
3 1
P T
11. I
1. 2 A [ X 1 1 1 _
——sin cos’ 2XF+cC 2 +x+—log|x -1 —=log|x* +1| —tan™' X +C
12. 77 5 H 13. > > og|x | 7 og‘ ‘ - tan
aX
14. —mrlog2 15. = (asinbx—bcosbx) +c

77



APPLICATIONSOF INTEGRATION

SYNOPSIS:
1. Areabounded by the curve Y = f (x), the x—axis and between the ordinates at Xx=aand

b b
x=bisgivenbyj'ydx:J’f(x)dx. Y
a a

4

N

0 a b
A\ 4

2. Area bounded by the curve Y= f (X) , the y—axis and between absussa at y = C and
y=dis given by

Area =["xdy= [ g(y)dy

y

N
y=d .

a(y) =x
y=cC ]
< > X
0
\ 4

3. Ifthe areas lies below x—axis or left side of y—axis then it is negative and in such a case
we take its absolute value (numerical value).

4. Area bounded by two curves y = f(X) and y = g (X) such that 0< g(x)< f (x) for all
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xO[a,b] and between the ordinate at x= &, X = bis given by J’:{ f(x)-g (x} dx.

»

_y=1x)

5. Area bounded by the curves X= f (y) and X=0(y) such that 0< g(y)< f(y) and

between the abscissaat Y =C and y=d is given by—

Area=["{1(y)-g(v} & 4

N
v
X

6. If f(x)=g(x)in[a,c]and f(x)<g(x) in[c,d] where g < ¢ <D then area of the region

bornded by the curves is given as Area IZ {f(x)-g(x} dx +J'z {a(x) - (x} dx
ILLUSTRATIVE EXAMPLES

Example-1:Find the area of the region included between the parabolas Yy =4ax and

X* =4ay.

Proof : Parabolas are y* =4ax symmetrical to X-axis and X* = 4ay symmetrical to y—axis.
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on solving (1) and (2) we get
Ox*0_
ar
X' —64a’x =0
X=0,x=4a
A, :curve y* =4ax, X-axis, X=0 and X = 4a

A, =I;a@dx =2\/a [%X%E:

2

. 2
A, :curve X° =aay

4
= a x’ dx = 3D 16a
32a° 16a° _l16a’

0 4a
Area enclosed =A -A, = 3 - 3 =

Sg. unit -

X—axis and between X—axis X=0, X =4a

Example-2 : Find the area of the region {(x, y):y: <4x 4x° +4y’ sf)}

Solution :  Curves are y* =4x parabola

9 . . .
symmetric to X-axis and X’ + Y’ =Z circle with centre (0, 0) and radius = %

both the curves are symmetric to X-axis as both the functions are even with respect to y

on solving equation (1) and (2) we get X= y , _% (rejected)

8000 Ay

Area of the region

<

4

—25 2\/—dx+I/ / XE

X €
_ O yE/Z | Slr112xE13/2
SR S

NN




_9m_9 . 00,2
%H square units.

Example-3 :Find the area of the region bounded by the lines y=2x+1, y=3x+1, x=4

using integration. y
A

Solution: Consider y=2x+1 and y=3x+1

x=00 % 1 x 0, ¢ 1
x=1y=3 Xx=1, y=4

Area enclosed I04 (y,—y)dx

Where, V, :3x+1, y, =2x+1

= [ (3x+1-2x-1)ix

4

x*0
_.[0 xadx = E‘I_D =8 square units.

QUESTIONS FOR PRACTICE
GROUP-B (4 MARKS)

. Find the area of the region bounded by two parabolas y* =4x and x* =4y.

Find the area bounded by lines x+2y =2, y—-x =1 and 2x+y=7.

3. Sketch the region common to the circle x* +y*> =16 and x> =6y. Also find the area of

hd

A S

the region using integration.

Area of the region bounded by y=9x*> and x=0, y =1 and y =4 and the first quadrant.
Find the area of the region bounded by x* +y* =a?.

2 2

Find the area of the region bounded a_ PR

b2
Find the area of the triangle DABC formed by A(2, 3), B(4, 7), C(6, 2).
Find the area of the region y* =x*>+2, Y=X, x=0 and x=3.
Find the area of the region bounded by the circles x* + y* =16 and the line y = X in the
first quadrant.

10. Find the area of the region formed by the curve x> =4y and the line x=4y -2
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GROUP-C (6MARKS)

2 2

. Find the area of the smaller region bounded by the ellipse el e and the straight line

b’
§+X =
a b
Find the area of the region enclosed between the two circles x*+y”> =1 and
(x-1)" +y* =1.

Using integration find the areas of the region given below
{(x,y):Os y<xX +1,0<y<x+1,0 sxsz}
Find the area of the following region
{(x, y): Y S4x,4%* +4y° s9}
Find the area of the region given by {(X, y): X’ <ys< |x}
Find the area bounded by y=6x—x* and y=x* -2x.

2 2

Find the area bounded by the ellipse §+§ =1 and the ordinates x=ae and x=0

Where b* =a’ (l—ez) and e<1.

Draw the raugh sketch y=sin2x and determine the area enclosed by the curve, the
X—axis and the lines X= % and X= 3% .

Make a rough sketch of the region given below and find the area using integration.

{(x,y):Os y<x: +3,0$y£2x—3,0$xs3}

10. Using the method of integration find the area bounded by the curve |x| + | y| =1.

ANSWERS
GROUP-B
16 X
1. 3 sq.units
2. 6 sq.units
3 = 1
- sq.units
14 )
4. ry sq.units
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9.

na’

7ab sq.units
9 sq.units

5 Sq.units

2p sq.units

9
10. < sq.units

8

GROUP-C

1.

8.

9.

ab
—(m-2) sq.units
2 q

Dzn_ﬁD

E? ) E sq.units

—+———sin H sg.units
6 8 4 BH ST

LER
0 Sq-units

1
< sq.unit
3 Sq-units

64 .
3 Sq.units

ab %\/1 -€ +sin™ EE sq.units

1 sq.units

50 .
3 sq.units

10.2 sq.units

&3



